Notes
on things

QFT and stuff

First Edition






Notes
on Things

QFT and stuff

First Edition

Andrea Barontini
Rome, Italy

Self Publishers Worldwide
Seattle San Francisco New York
London Paris Rome Beijing Barcelona



This book was typeset using XTEX software.

Copyright © 2024 Andrea Barontini
License: Creative Commons Zero 1.0 Universal



Preface

This is a (non-ordered) collection of notes that I took to learn new things or
to avoid forgetting some of the notions I already learned. It is not structured
to have a line connecting the different chapters, but in general it will go from
classical field theory to more advanced topics that I used in my PhD.
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Introduction

0.1 Units and Scales

This is just to remember something that might be useful later. even though I
am going to use natural units (¢ = A = 1).
Nature has three dimensionful constants:
o=LT"
[h] = L*MT~!
[G] = LAM T2

With the use of natural units, we are only left with one scale which we choose
to be energy (or equivalently mass), and that is measured in eV. If one want
to recover the unit of lenght or time, he has to reintroduce the relevant powers
of A and ¢, as in the Compton wavelenght

A= — 1
s (1)
which gives, for the electron of mass m. = 10%V, A, = 10~ 2m.
Remember that the highest energy scale which makes sense in a QFT model
is the Planck scale (M, ~ 10'%GeV), while the highest lenght scale (which is
the smallest energy scale) is the cosmological horizon, 1027cm.



TABLE OF CONTENTS



Chapter 1

Classical field theory

1.1 Classical Fields

A field is a quantity defined for every point of space and time (Z,t), which are
then considered as labels of the field

$a(Z,1). (1.1)

-,

Electromagnetic field. Having defined the field A*(Z,t) = (¢, A), where
1w =0,1,2,3, the electric and magnetic field are'

q 0A

E=-V¢— —
Ve ot

B=VxA

which ensure that the Maxwell’s equations?

V-B=V-VxA=0 (1.2)
dB 4

— = _VxE 1.3
o X (1.3)

are satisfied.

1.1.1 Lagrangian

The dynamics of the fields is governed by the Lagrangian, which is a function
B(Z,t), ¢(Z,t) and Vé(F,t)%. In the system we usually study, it can be written

Remember the definition of V = (%i + C%j—i— a@kﬁ.

?Note that here we used the property that V -V x ¥ = 0 and that V x V¢ = 0.

3In principle it could depend on further derivatives but that would not be compatible with
Lorentz invariance. Also it could depend on the coordinates themselves & but that would not
be compatible with locality.
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in the form
Lit) = [ @ 2L600,00). (1.4)
with £ the lagrangian density. The action is

to
S:/ dt/d?’xﬁz /d4x£. (1.5)
ty

Note that 0, = 0/0x* with p = 0,1,2,3 with © = 0 corresponding to the time
dimension.

The equations of motions are obtained by the principle of least action: we
fix the path and we require 65 = 0. So

X e }
05 = / e [a%‘m 3B,n) 1 Pa)

- [l - “(agfﬁaﬂé%*a“(%‘s%)

where we used the fact that 0, (f(z,)g(x,)) = (Ouf(xw))g(zu)+f(2u)(Ong(xy)).
Given that the last term is a total derivative, it is zero for every ¢ that

decays as spatial infinity and for which §¢,(Z,t1) = d¢4(Z,t2) = 0 (which we

always require for the fields). The Euler-Lagrange equations are then

()~ 06 =" (1.6)

Klein-Gordon equation. Consider the following Lagrangian for a real scalar
field &(Z,t)

1 1 1. 1 1
= _pk¥ o242 T4 T 24 2,2 1
L 277 au¢au¢ Qm 0] 2¢ 2(V¢) 2m ¢°, ( '7)
with the Minkowski space metric
+1
1z -1
Y =1 = 1 (1.8)
-1

Using the Euler-Lagrange equations we need to compute?

oL

—_ = — 2
90 = 0
oL
=",
0.0 ¢
so that we obtain
0,0"¢ +m?p =0¢ +m?¢p =0, (1.9)

that is the Klein-Gordon Equation.

4Note that as usual we consider Op¢ and ¢ as independent variables. Also we used that

8u¢/au¢ = 7]”1/-
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Locality

One of the important request that we impose for our Lagrangians is that they
have to be local. This means that in the Lagrangians there are not terms
coupling directly ¢(Z) with ¢(¢) with & # ¢. This is not required by the QFT
approach but rather by the fact that we do not know equations of Nature that
are not local.

1.2 Lorentz invariance

The laws of Nature are relativistic so we have to construct theories in which
space and time are treated on equal footing and that are invariant under Lorentz

transformations,
at — (") = A* Y (1.10)

with A#, such that
AP TN =i (1.11)

Since the Lorentz transformations form a Lie group under matrix multiplication,
they have a representation on the fields. For a scalar field, we have

¢(x) = ¢'(x) = p(A™ ). (1.12)

This is the case of an active transformation, in which the field is truly shifted.
This is the reason why we have A~!. For a passive transformation, in which
we relabel our choice of coordinates, we would have

¢(x) = ¢'(x) = (Ax) . (1.13)

A Lorentz invariant theory is such if, given ¢(z) that solves the equations of
motion, also ¢(A~1z) solves them. We can ensure this looking at the Lorentz
invariance of the action.

Example: Klein-Gordon equation. For a real scalar field we have ¢(z) —
¢' () = ¢(A~1x), while its derivative transforms as a vector, i.e.

Oud) (@) = (A7), (0vd) (A ). (1.14)
Therefore, the derivatives terms of the Lagrangian transform as
0up ()0 ()11 — (A1)P,(9p0) (A" ) (ATH)7, (9o 0) (A )
= 0pp(A™ 1 2) B (A )"

which shows that it is indeed invariant. The potential term is proportional
to ¢%(x) — ¢?(A~'x), so it is also invariant and, therefore, the full action is
invariant,

S = /d4x£(x) — /d4x£(y =A"lg) = /d4y£(y) =5. (1.15)
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Note that this required d*z = d*y which follows from the fact that the Lorentz
transformation we are considering must be connected to the identity, and as
such it has detA = 1.

Note also that is easy to see whether a Lagrangian is Lorentz invariant: it
is if all the Lorentz indices are contracted with Lorentz invariant objects, such

as 1), or the gamma matrices -y, or also the total antisymmetric tensor €,,, .-

1.3 Symmetries

The role of symmetries in field theory (quantum or not) is extremely important,
mostly due to Noether’s theorem.

1.3.1 Noether’s Theorem

Every continuous symmetry of the Lagrangian gives rise to a conserved current
j*(x) such that the equations of motion imply

Oujt =0. (1.16)
Conserved charge. A conserved current always implies a conserved charge,

Q= a3z, (1.17)
R3
which can be easily shown computing the time derivative

dQ 5 05° / 3 =
dit S © o TV =0 (1.18)

Of course in the last step we used the assumption that j — 0 sufficiently quickly
as |Z| — oc.
Note however that the conservation of a current is a much stronger statement

than the conservation of a charge, because it implies that the charge is conserved
locally, i.e. if we compute its time derivative in a finite volume V', we get

d . L.
&:_/d%v-j:_/j.ds. (1.19)
dt v A

This equation means that any charge leaving V' must be accounted for a flow
of the three-vector j.

Proof of Noether’s theorem. We say that the transformation

5¢a(m) = Xa(¢) (120)
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is a symmetry of the Lagrangian if it changes by a total derivative®,
0L =0, F*(¢). (1.21)

Under (1.20), the Lagrangian transforms as

oL oL
6L = L= 5, + —=_0,.(66
TR A
oL oL oL
=|z— 077|000+ 0u| =5—=00a |,
[8% “awma)] Put ”(awa) ¢)
which becomes or
5L =0, <8(8M¢a)5¢“> (1.22)

if ¢, follow the equation of motions (which make the first term disappear). In
the case of a symmetry we know that this has to take the form of (1.21), so we
can define a current

= a(gf%)Xa(@ —FH(g), (1.23)

which by construction would be such that 9,5 = 0.0
Note that this theorem gives us also a constructive method to find the
conserved current.

Example: Translations and Energy-Momentum Tensor.

Consider the infinitesimal translation®
¥ =¥ — € = da(x) = Po(x) + €70, 00 (2), (1.24)
which implies that the Lagrangian transforms as
L(x) = L(z) + €I, L(x). (1.25)

Given that we want translation to be a symmetry of our theory, we can use
Noether’s theorem to get the four conserved currents’
oL
i)y = =———=0, -, L=TH . 1.26
(") 8(6u¢a) L Pa v v ( )

T#, is called energy-momentum tensor and, as shown, it satisfies

9,TH =0, (1.27)

51n this way we are sure that the action S would remain the same under the transformation.

6 Again here we are doing an active transformation so what we did is ¢/, (z) = ¢a(x + €).
With a passive transformation we would have got a minus sign instead.

"Note that, with respect to the previous definition, ¢/, = ¢q + €”(d¢pa)y and L' = L +
€’ (0L)y.
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which gives the four conserved charges
B = / 32T P = / d3xT% (1.28)

where F is the total energy of the field configuration, while P? is the total
momentum of the field configuration.

Example: Lorentz Transformations and Angular Momentum

We plan to do the same of the previous paragraph but this time imposing
the symmetry under Lorentz transformations. Given that they implement ro-
tations, we expect that Noether’s theorem in this case should gives us the
conservation of angular momentum. However, Lorentz transformations also
implement boosts, so let’s see what they give us.

We start with the infinitesimal version of a Lorentz transfomation

AP, = 61 4w (1.29)

where w, is infinitesimal on which we have some constraint due to (1.11), i.e.

v

("5 + W) (0, + W’ 7" =t
= W WM+ OW?) =0,

which means that w#, must be anti-symmetric. This makes sense because the
number of degrees of freedom of a four by four anti-symmetric matrix is 6 which
indeed is exactly the number of possible independent Lorentz transformations
(3 rotations +3 boosts). We need now to compute the variations of the fields
and Lagrangian under this infinitesimal transformation. First, the scalar field
transforms as

d(z) = ¢'(x) = (A" 'z)
= ¢(2” — w,z")

Qs(xp) - wPVxVap¢(x) )

so that (6¢)", = —2"0,¢. In the same way, the variation of the Lagrangian
density is®

(6L)", = —2"0pL = —0p(a"L). (1.30)
Applying Noether’s theorem we get the following six conserved currents

oL
nro v SH V[
T T o e
—— (131)

8Where we use the fact that 6L is contracted with w and w", = 0.
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which can also be written as
(TH)P7 = aPTH — 27 THP. (1.32)

For p,o = 1,2, 3, the Lorentz transformation is a spatial rotation and the three
conserved charges give the total angolar momentum of the field configuration,

QY = / Px(a' T — 2/T”). (1.33)
Instead, what about the boosts? We get

QY = / B3 (x°TY — 2T, (1.34)

d 3,.,.im00
‘T
dt/d xx

from which we get

0% TOz
)= 12 /dsTm/dg A

dP?
dt dt

— Pz 4t dS ZTOO

Now, we know already that P’ is conserved so we are left with
d .
p /d%xlTOO = constant, (1.35)

which means that the center of energy of the fields travels with a constant
velocity (somewhat like Newton’s first law).

1.3.2 Internal Symmetries

An internal symmetry involves a transformation of the fields and acts the same
at every point in spacetime. To illustrate an example, let’s take the complex
scalar field ¢(z) = (¢1(x) + iga(x))/v/2. The usual real Lagrangian is then
written as

L= 040" = V([$]?). (1.36)
To find the equations of motion we could expand everything in term of the real
fields ¢1 2, but it is simpler to keep working with the complex field, considering
1 and ¥* as two independent variables.

This Lagrangian has the internal continuous symmetry

P — €% = 6 = i), (1.37)
where the latter holds with « infinitesimal. The associated conserved current
-9
is

gt =" ) — i (M) . (1.38)
We will see that these kind of conserved currents are linked to conservation of
electric charge or particle number.

9Note that in this case 6L = 0.
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Non-Abelian Internal Symmetries Consider a theory involving N scalar
fields ¢, all with same mass, described by the Lagrangian

1 N 1 N N 2
DI TCE) S 0 91 INNCE
a=1 a=1 a=1

This Lagrangian is invariant under the non-Abelian symmetry group SO(N)
(actually O(N)). This kind of symmetries are often called global symmetries
to distinguish them from the local gauge symmetries. Isospin is an example of
such a symmetry, albeit realized only approximately in Nature.

1.4 The Hamiltonian Formalism

In order to properly link the Lagrangian formalism with the quantum theory,
one needs to use the path integrals methods. Here we are instead focusing on
canonical quantization, for which we need the Hamiltonian formalism of field
theory.

The momentum conjugate to ¢, (z) is defined as

ot
Oda

and it should not be confused with the total momentum P? which is a single

number describing the whole field configuration. The Hamiltonian density is

H = 1%(x)q(z) — L(z), (1.41)

7 (x) (1.40)

where we need to eliminate the dependence on ¢ (z).
Example: Real Scalar Field The usual Lagrangian is
L= 8~ L (VoP - V(o). (1.4
so the momentum is just = = ng and so the Hamiltonian is
H = /d%%ﬁ + %(w)? + V(). (1.43)

Note that it should agree with the definition of the total energy we can get
upon application of the Noether’s theorem.

Note also that, while the Lagrangian formalism is manifestly Lorentz in-
variant, this is not the case for the Hamiltonian formalism in which we took a
preferred time. For example, the equations of motions are

OH OH

o(Z,t) = PR and 7(&,t) = DR

(1.44)

However, of course the physics is unchanged.



Chapter 2

Free fields

2.1 Canonical Quantization

Canonical quantization is a recipe that takes us from the Hamiltonian formalism
of classical fields theory to a quantum theory. The recipe states that we must
take the fields ¢, (#) and their momentum conjugate 7°(Z) and promote them
to operators. Thus a quantum field is an operator valued function of space
obeying the commutation relations

()

[6a (@), $(7)] = [x*(Z), 7"()]
— )%

z =0

[¢a(f)7ﬂb(g)] = 7;6(3)(_0 :

Note that we have lost track of Lorentz invariance since we separated space and
time, and this is because we are working in the Schrodinger picture in which
the time dependence is in the states, as

)

= = Hy). (2.1)
Note that in quantum field theory (QFT) the state |¢) is a functional, i.e. a
function of every possible configuration of the field ¢.

The typical information we want to know when solving a quantum system
is the spectrum of H. However in QFT this is usually very hard to get, mostly
because in QFT we have an infinite amount of degrees of freedom. In the case
of free theories we can find a way to write the dynamics such that each degree
of freedom evolves independently from the others.

The simplest of such theories is the Klein-Gordon equation for a real scalar
field,

9,0" +m?¢* =0. (2.2)

We can find the coordinates in which the degrees of freedom decouple applying

11



12 CHAPTER 2. FREE FIELDS

the Fourier transform, as

3
BT 1) = / b r ), (2.3)

in such a way ¢(p,t) satisfies

(gﬁ + (P + m2)) o, t) =0. (2.4)

Thus, for each value of P, ¢(p,t) solves the equation of a harmonic oscillator
vibrating at frequency

wy = +Vp?+m2. (2.5)
This means that the most general solution to KG equation is a superposition of
harmonic oscillators, each vibrating at a different frequency and with a different
amplitude. To quantize the field is then necessary to quantize all of these
harmonic oscillators. Let’s recall how to do this.

2.1.1 The simple Harmonic Oscillator.

Let’s take the QM Hamiltonian

1 1
H=2p*>+ ~w?¢? 2.
TR (2.6)

with the canonical relations [g, p] = i, and let’s define the creation and annihi-
lation operators

a=,/2 +- iy at= Y- (2.7)
2(1 Twp ) 261 Twp .

which can be inverted to get

L (a+al) ,p:—i\/g(a—aT). (2.8)

1= V2w
The canonical commutator gives us [a,a’] = 1, while the Hamiltonian can be
written as 1
H=uw(a'a+3). 2.9
w(ala + 2) (2.9)
The two operators take us between energy eigenstates because
[H,a'] =wa' |[H,a] = —wa (2.10)

and so, given |F) eigenstate with energy E (H|E) = E|E)),
Hd'|E) = (E+w)a'|E) ,Ha|lE) = (E —w)a|E). (2.11)

Given that the energy must be bounded from below, there must be a ground
state |0) such that a|0) = 0, so that

HI0) = %w|0>. (2.12)
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2.1.2 The Free Scalar Field

Having recalled the simple harmonic oscillator, let’s apply its quantization to
the free scalar field. We learned before that the most general solution of the
KG equation is a infinite superposition of harmonic oscillators. We then write
¢ and 7 as a linear sum of creation and annihilation operators, indexed by their
three-momentum p)

8

3
b= [ B L e e

(2m)3 | 2wz
. d*p

¢($> - / (27T)3

It is then easy to show that

[0(&),0()] = [7(@), (7)) =0, [6(@),7(y)] =idD(@—g),  (213)

which is what we have to require, follows immediately from

—~

—1) > [aze”™ + a;;e_iﬁ'ﬂ .

lag.ag) = [al,al] =0, [apal] = (27)*6@(F-q). (2.14)

Note that this is both a sufficient and a necessary condition.

Hint for the proof: The proof is rather simple, just remember that

Py igag o o
/7(273)93 P @0 = 5B (7 — 7). (2.15)

The Hamiltonian. We can now write the Hamiltonian in terms of a; and
a;; operators,

H= %/d3x7r2 + (Vo) + m?¢?

= long but simple calculation...

1 dBp 1
= 4 / (271_)3 wiﬁ[(_wf;""ﬁg + m2)(aﬁa,ﬁ+ agaiﬁ) + (wf;—l—ﬁg + m2)(aﬁa;—|— a;aﬁ)} ,

which then gives us

3
H= / ((21;))3 wﬁ[a;a5+ %(QW)SCS(B) (O)] , (2.16)

once the definition of the frequency wz = p? +m? is used. We found a strange
result: the Hamiltonian seems to be proportional to a delta function evaluated
at zero. Also, the integral over wy is divergent as p? goes to infinity. Let’s try
to understand this issue better looking at the ground state.
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2.1.3 The Vacuum

As we did in the case of the simple harmonic oscillator, let’s define the vacuum
|0) by the state that is annihilated by all ap, i.e.

agl0) =0 Vp. (2.17)

Using equation (2.16), this means that only its second term contributes to the
energy of the ground state because

HI0) = Eo|0) = { / dSp;wﬁW(O)] 10) = 0[0) . (2.18)

How should we deal with this infinity? The point in this case is that we have
an infinity for two reasons: the first is that the space is infinitely large (this is
a type of infra-red divergence) and the second is that we assumed that our
theory is valid at arbitrarily high energies, which is clearly wrong (this is a type
of ultra-violet divergence).
To see the first it is enough to put the theory on a finite box of length L.
In this case
L2 L/2
(27)%63)(0) = lim dxe™? ;o= lim 3=V, (2.19)
L—o0 —L/2 L—o0 —L/2
which tells us that the infinity arises bacause we are computing the total energy
instead of the energy density

o EO o dsp 1

Note that this is still divergent for the second reason, namely that & — oo
when [p] = co.

The second problem can be cured cutting the integral at high-momentum
in order to reflect the fact that our theory is not valid in that region. However,
we can adopt a more practical a solution, exploiting the fact that in physics
we only measure differences, since absolute quantities cannot be measured (and
they do not even make sense). So we can just subtract the infinity which leaves
us with the Hamiltonian

d3p
H:/Wwﬁa;aﬁ, (2.21)

such that H|0) = 0. Note that this can be also seen as an ordering ambiguity
that arises from the transition between classical and quantum theories. This is
the reason why the method we just used is called normal ordering.

Normal Ordering: The normal ordering of a string of operators is denoted
as

L G1(F) . bn(En) : (2.22)

and it consists of putting all the annihilation operators az to the right.
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2.2 Particles

We understood the vacuum, so we can now start speaking of the excitations of
the fields. As in the simple harmonic oscillator case, we can construct energy
eigenstates by acting on the vacuum [0) with az, as

1) = ak{0) (2.23)
which has energy H|p) = wg|p) with wy = p* + m?. Note that we used that
[H, a;} = ﬁa; and [H,ap = —wpay. (2.24)

We recognize this as the relativistic dispersion of a particle of mass m and
3-momentum p, i.e. Eg = p%? + m%. We then interpret the state |p) as the
momentum eigenstate of a single particle state of mass m (and from now on
we will only write Ej instead of wy,). However we want to check this particle
interpretation by looking at the other quantum numbers of the state. Taking the
total momentum P and turning it into a quantum operator (and also applying
normal ordering), we get

5 3, d’p _
P=— | d’znV¢ = (27.‘.)3paﬁaﬁ' (2.25)
Applying P on our momentum eigenstate we indeed get that

Plp) = plp), (2.26)

which means that it is indeed an eigenstate of the total momentum. We can
also study its angular momentum by once again promoting the classical total
angular momentum to its quantum version, as

Ji = ik / A ()" (2.27)

(remember equation (1.31)), and then applying it to |p). It is easy to show
that Jp = 0) = 0 (it would not be zero if we chose a state with momentum
different from zero), which means that the particle carries no internal angular
momentum (indeed the momentum is zero so it can not have external angular
momentum). In other words, the scalar field gives rise to a spin 0 particle.

2.2.1 Multi-Particle States, Boson Statistics and Fock Space

Multi-particle states are obtained acting multiple times with a on the vacuum,
as
1, -, Bn) = al ...al, 10). (2.28)

Since the a's commute with each other, the state is symmetric upon exchange
of two particles. In other words, the particles we are describing are bosons.
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The full Hilbert space is obtained acting on the vacuum with all the possible
combinations of afs. This space is called Fock space and it simply is the sum of
the n—particle Hilbert spaces, for all the n > 0. In order to count the number of
particles of a given state in a Fock space, we have to define the number operator

N 3

N = / (271_)3%@5 (2.29)
which satisfies N|p1,...,Pn) = n|pi1,...,Dn). For a free theory, the number
operator commutes with the Hamiltonian, [H, N| = 0, ensuring the number

of particles is conserved. This will no longer be true when we will deal with
interacting theories which can create and annihilate particles.

2.2.2 Operator Valued Distributions

So far we have referred to the momentum eigenstates |p) as particles. However,
they are not localized in space in any way. Recall that in quantum mechanics,
space and momentum eigenstates are not good states given that they are not
properly normalizable (they normalize to delta-functions). Similarly, in QFT
neither ¢(Z) nor ay are good operators acting on the Fock space. Again, they
produce not normalizable states, for example

(Olagali0) = (p17) = (2m)°5(0) and (0¢(Z)$(%)|0) = (#|Z) = 6(0) (2:30)

are operator valued distributions rather than functions. This means that, al-
though the vacuum expectation values is well defined as (0]|¢(Z)|0) = 0, the fluc-
tuations at a fixed point are infinite (0|¢(Z)¢(Z)|0) = co. A way to construct
well defined operators is to smear these distributions, for example creating a
wavepacket!

3
)= [ e o). (2.31)

which is then partially localized in both space and momentum space (note that
typically ¢(p) = exp(—p®/2m?)).

2.2.3 Relativistic Normalization
According to how we defined the states, we have now

(13) = (2m)°6C (7~ q) . (2.32)

Is this Lorentz invariant? Surely the invariance is not evident given that we only
have three-vectors. So let’s take an object that we know is Lorentz invariant
(that is the projection operator on one-particle states)

3
1= [ i, (233

INote tha abuse of notation: we are using ¢ now for the field (¢(%)), for the state (|¢))
and also for the wavefunction (¢(p)).
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This is surely Lorentz invariant but not because the two pieces, the measure
d3p and the projector |p)(p] are individually Lorentz invariant. The Lorentz
invariant measure is something different, in particular

d3p
2E5 "

(2.34)

To show this, let’s start by saying that d*p is obviously Lorentz invariant. The
relativistic dispersion of a massive particle,

pupt =m? = pl = Ef, =P +m?, (2.35)

is also Lorentz invariant. Therefore, putting them together, the following com-
bination must be Lorentz invariant

d3
[atstwt =5 =ty = [ S b (2.36)

which is what we wanted to show.
From this result we can get everything else. For example, the Lorentz in-
variant d—function for 3—vectors is

2E;0%) (5 — @) (2.37)
which follows from

/—2135 F—q) =1. (2.38)

The relativistically normalized momentum states are then

p) = \/2E4|p) = /2Ezal|0), (2.39)

from which we get
(plg) = (2m)*2Ex6®) (5~ ). (2.40)
2.2.4 Complex Scalar Fields

Let’s consider a complex scalar field (x) (as opposed to the real scalar field
¢(x) we considered so far), with the Lagrangian

L= 0 *otp — M>*pyp*. (2.41)

Note that in this case there is no 1/2 in the definition of the Lagrangian, which
we would get back if we write the complex field in terms of the real fields, as
Y = (¢1 +i¢2) /2. The equations of motion are

9, 0" + M*p =0
DpOtp* + M2y =0
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where it is clear that the second is the complex conjugate of the first. Passing
to the quantum fields ), 112, we expand them as a sum of plane waves

1 i@ —ipF
Eﬁ (bﬁe T4 CJL P )

_ [ @
v= / (2m)3 /2 P

3
Pt = / it (b;efiﬁ'f + cpe'PT) .

(2m)® /2B,

Let’s do the same for the quantum version of the classical momentum 7 =

OL/O) = ¢,

$Pp . Byt g o
W:/(QW)SZ %(bte ”’x—cﬁe“’w)

Ep B g —ip-@
WT:/(QW)S(—z) L (bpe'PT — cleT T

The commutation relations are
[W(@), 7 ()] =i6®(F -7 and [Y(F), 7 ()] =0 (2.42)

together with the ones that can be obtained by complex conjugation and the
usual ones as [¢(F),¥T(7)] = 0, etc. As in the case of a real scalar field, these
commutation relations are equivalent to the usual ones for the creation and
annihilation operators.

In summary, quantizing a complex scalar field gives us two creation operators
bt and ¢! that create two types of particles, both of mass M and both with spin
zero. They are thus interpreted as particles and anti-particles (as opposed to
the case of a real scalar field for which the particle is its own antiparticle).

We have already shown that this theory a classical conserved charge

Q=i [ @iy -y =i [ ot - vr), (2.43)
which, after normal ordering, becomes the quantum operator
d®p
Q= / o (ches — blby) = Ne — N, (2.44)

that counts the difference between the number of anti-particles and the number
of particles. Since we have that [H,Q] = 0, @ is a conserved quantity. For
a free theory this is not a big deal because we already know that the number
of particles is conserved in a free theory, so that N. and N, are individually
conserved quantities. However, this difference will still be conserved in an
interacting theory, while the absolute number of particles will not.

2Since the classical fields are not real, the quantum fields are not hermitian.
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2.2.5 The Heisenberg Picture

Given that so far we worked in the Schrodinger picture, it is not obvious at
all that our construction is Lorentz invariant. For example, our operators ¢(Z)
depend on space but not in time and the one-particle states evolve in time as

i)
dt

= HIp(t)) = [p(t)) = e~ 57 [p) . (2.45)

Things look better when one starts to work in the Heisenberg picture, where
time dependence is given to the operators,

Op = eHtOge Mt (2.46)
so that 40
TtH = i[H,Og]. (2.47)

In QFT we will not use the subscripts H and S to denote the picture we are
using, but we will be using Schrodinger picture when the fields depend only
on space (¢(%)) and Heisenberg picture when the fields depend on spacetime

(o(Z.1)).
In the Heisenberg picture, the commutations relations become equal time
commutations relations, as

[0(Z, 1), phi(y, t)] = [ (
[0(Z,t), ™ (7, 1)]

Now that the operators depend on time we can study how they evolve, as

( )] =0

t),
®)(z -

\_/

b=ilttd) = 5| [ ymlu? + Vo +mto? o]

=i [ @y (-3 (7~ 7) = n(a).
and
i= il ol = 5| [ @yt + Vo +mto? . wto)
= (U= DT 00)) ol
= V%6 —m?¢.
Putting the last two equation together, we find that the field operator ¢ satisfies

the KG equation
006+ m?6 = 0, (2.48)

which starts looking more relativistic.
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We can also rewrite the Fourier expansion of the field in the Heisenberg

picture as
dp 1 ; ,
- _ L —ipw t ip-x
d)(.i?, t) - / (27_(_)3 2E;5 (Clp€ + a‘ﬁe ) ’ (249)
which looks very similar to the one in Schrodinger picture but now the exponents

are written in terms of 4—vectors instead of 3—vectors.

Causality. We almost solved the Lorentz invariance issue with the Heisenberg
picture, but there is still a hint of non-Lorentz invariance: ¢ and m satisfy equal
time commutation relations

[6(,t), 7 (3], t)] = i6®) (& — 7). (2.50)

What about arbitrary spacetime separations? We need to require causality in
out theory, so that all spacelike separated operators commute,

[01(2),02(y)] =0 V(z —y)* <0, (2.51)

in such a way any measurement happening at x cannot affect a measurement
happening at y. In order to check whether our theory satisfies this property,
let’s define

Az —y) = [¢(z), o(y)] , (2.52)
which can be written as
Alz—y) - / g?;?’ S (TP iy (2.53)
P

showing that A(z — y) is just a complex number function. About it we know

o It is Lorentz invariant, thanks to the measure d*p/2Ej.

o It does not vanish for timelike separations. Indeed taking z—y = (¢,0,0, 0),
one has p - (x — y) = mt and the integral does not vanish.

o It vanishes for space-like separations. In order to see this, let’s start by
noting that A(z —y) = 0 at equal times for all (z —y)? = —(¥— %) <0,

in fact?
S . 1 d*p 1 i (F—7 — i (B
[6(2,t), d(y,1)] = Q/W\/m(ep( V) — e PED) - (2.54)

and we can flip the sign of p’in the second exponent since it is an integra-
tion variable. But since A(x — y) is Lorentz invariant, it can depend only
on (z —y)? so if it vanishes at equal time, it has to vanish even when the
times are not equal.

So we confirmed that our theory is indeed Lorentz invariant with commutators
that vanish outside the lightcone. This property will continue to hold even
for interacting theories. However, the fact that A(z — y) is a complex number
function is only true for free fields.

3Here we compute that integral imposing 29 = y(o) since we are doing it at equal time.
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2.2.6 Propagators

In order to probe causality, we could ask ourselves a different question: what is
the amplitude of finding a particle at point z, if it has been prepared at point
y? We can compute this amplitude as

d3pd3p’ 1

0600 = [ G

d3p 1 —ip-(x—
- / (27)3 25" e =D —y).

Olazal,|0)e—Petir’y
PP

The function D(z —v) is called propagator. For spacelike separations, (z —vy)? <
0, it decays like ~ e~"1#=91 So the quantum field appears to leak outside the
lightcone! This is strange because we have just seen that our theory is causal.
Why is that then? Well, note that we can rewrite the previous calculation as

[¢(z),0(y)] =D(x—y) =Dy —x)=0 if (z—y)*<0. (2.55)

What does it mean? It means that when (z — y)? < 0 there is no Lorentz
invariant ways to order events: if a particle can travel from x to y, it can just
as easily travel from y to z. The two amplitudes are then not zero individually,
but they cancel with each other.

Even more interesting is the interpretation for a complex scalar field. In
this case the amplitude for the particle to propagate from = to y cancels with
the amplitude of an antiparticle to travel from y to x.

The Feynman Propagator

One of the most important quantities in an interacting theory is the Feynman
propagator,

D(z—y) 2°>y°

D(y—2) 3 >a° (250

Ap(z — ) = (O1T6(x)6()][0) = {

where T[] stands for time ordering and which places all operators evaluated at
later times to the left, i.e.

_ Jo@ely) 2°>y©
Tlp(x)(y)] = {¢(y)¢($) S0 > 20 (2.57)
Claim: We can write the Feynman propagator as*
d* ; ,
AF(Q: - y) = /#ﬁe—zp(.ﬂ—y) . (258)

4Note that here we are integrating on the 4—momentum, while so far we only integrated
in the 3—momentum, with p° fixed by the mass-shell condition.
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Note that as it is, this integral is ill defined because for each value of p, we
have a pole on p° = +FEz = £1/p? + m2. We need a prescription to integrate
in p° avoiding such singularities. To get the Feynman propagator we must
choose a contour that passes below the singularity in —Ej5 and passes above the
singularity in Ep. Proof: The residue at the pole is +1/2Ey, because

1 1

p2 —m?2 = (pO _ Eﬁ)(po I Eﬁ) . (259)

Now we need to treat the two cases, z° > y° and y° > 20, separately. In
particular, for 0 > y° we close the contour in the lower half plane, ensuring
e=#’@=y") 5 0, while for y° > 2° we close in the upper half plane. In the
former case, we get

d3p — 271 i B (20— )b (F— 7
AF(zy)/(Qw)‘l 2Eﬁe Ep(2® —y°)+ip (£ —7)

dBp 1
- | G e

and it is easy to show that in the other case we would get D(y — x), showing
exactly what we wanted to show.

In the definition of the Feynman propagator we usually do not specify the
contour, but rather we write it as

dp ie~(z—y)
Ap(z —y) = / TR (2.60)

with € > 0 and infinitesimal. Of course in this way the poles are shifted off the
real axis and this has the same effect of the contour.

2.2.7 Interactions

We will now start to discuss interacting theories. In particular, we will see that
we usually consider interactions between particles, which arise from pieces of
the Lagrangian like

AL =" (E)™ (D) (D)Y(T), (2.61)

which destroy two particles before creating two new ones.
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Interactions

The free fields we have discussed so far are the only case in which we can de-
termine the spectrum but other than that, nothing happens. We have particles
but they do not interact with each other. We start now discussing interacting
theories.

The interaction terms are higher order terms in the Lagrangian, as in the
real scalar field case

1 1 A
L=50,00"0 — 5m?¢? =3 4", (3.1)
n>3

where the coefficients \,, are called coupling constants. Also, what we usually
ask ourselves is what we need to do in order to make these new terms a small
perturbation to the original Lagrangian. In order to see what we need to do,
let’s start doing some dimensional analysis. We know the action S has the same
dimensions of h, so, given that we took h = 1, [S] = 0. Given that S = [ d%zL,
this means that [£] = 4. In turn this means that

[6]=1 , [ml=1 , [M]=4-n, (3.2)

which tells us that asking \,, to be small does not make sense in general, because
they are, in general, dimensionful quantities. We have then three cases

e [A3] = 1: in this case the dimensionless parameter is A3/ E, where typically
E' is the typical energy scale of the process. This means that the term
A3¢3 /3! is a small perturbation at high energy, but they are big at smaller
energies.They are called relevant.

e [A4] = 0: the perturbation is small simply if Ay < 1. They are called
marginal.

e [An] < 0: the perturbation is small at low energy and they are called
irrelevant. Note that this kind is the most problematic because in QFT we
cannot always avoid high=energy regions and these perturbations diverge
at high energy. Indeed, they give rise to non-renormalizable theories.

23
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3.0.1 Examples of Weakly coupled theories

We will only see for the moment theories for which the perturbations are really
small at all energies, called weakly coupled field theories. In particular, we are
going to see

1. ¢* theory:

1 1 A
— w242 0 7N 4
L= 5 Moleiato) 5™ 10) 4!¢ (3.3)
with A < 1. Expanding ¢ in terms of creation and annihilation operators,
we get something like

Tt 11

totot
7505

a and agazasay  etc. (3.4)
These terms will create and destroy particles, making the number operator
not conserved, [H, N] # 0.

2. Scalar Yukawa Theory:
1 1
L= 0" 0" + 50,00"6 — M2y — smé? — givo  (3.5)

with ¢ < M, m!'. This is a theory in which a complex scalar field is cou-
pled to a real scalar field. Again the number operator IV is not conserved
but the difference between the number of ¢ particles and v anti-particles
is still conserved.

Note that also strongly coupled theories can be treated and they give rise to
important effects.

3.1 The Interaction Picture

This is a concept that we can introduce even in classical quantum mechanics.
We know that in Schrodinger picture states evolve in time, while in Heisenberg
picture the operators evolve in time. In the interaction picture we split the
Hamiltonian in two pieces

H = Hy+ Hip (3.6)

and the time dependence of the operators is governed by Hj, while the time
dependence of states by Hiy. This is very convenient when Hy is soluble (for
example if it is a free theory).

We will denote states and operators in the interaction picture with a sub-
script I and they are given by

() r = et (1)) s

Or(t) = ot geiHot |

1Note that this is a case in which [g] = 1.
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The interaction Hamiltonian in the interaction picture is then

Hy = (Hint)r = € (Hip) g "10" (3.7)
so that one can obtain 1)
. I
L (o)) (3.8)

3.1.1 Dyson’s Formula

In order to solve (3.8), we write the solution as

[$(&)r = U(t,to) |9 (to))1 , (3.9)

where U(t,to) is a unitary evolution operator such that U(ty,t2)U(te,t3) =
U(t1,ts3) and U(t,t) = 1. So we get that

dU
— = H;(t)U 1
1 dt I(t) ) (3 0)

that, if H; was a function, would have a simple solution

Ult,to) =" exp(—i /t: Hl(t’)dt’> . (3.11)

However, H; is an operator and we have the usual ordering problems. Let’s see
why. The exponential of an operator is defined as

. t ’ t (_Z»)Q t 2
exp(—z HI(t’)dt’> =1—1i [ Hi(tdt'+ 5 ( H[(t’)dt’> +...,
to to to
(3.12)
and, when we try to differentiate with respect to ¢, we find that the quadratic
term gives

1

—2( t: H,(t’)dt’) Hi(t) — ;Hf(t)( tHI(t’)dt’> . (3.13)

to

Now, we need something like the second term but we also have the first term
and we cannot commute H; with itself at different times. What do we do then?
Dyson’s Formula:

t

Ult,to) =T [exp (—z Hl(t’)dt’ﬂ (3.14)

to

This can also be expanded, to get

U(t,to):l—i/ dt'Hy( [/ dt’/ dt" Hy(t"YH(t")
to
+/ dt// dt“HI(t’)Hl(t”)] +
to to
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which can be further simplified noting that the last two terms are exactly the
same thing, i.e.

U(t,to)zl—i/ dt' Hp(t /dt/ dt"Hi(¢"YHr(t") +... (3.15)
to to

to

Proof: First note that, under T'[] sign, all operators commute (since it is taking
care of putting them in the correct order). So

igtT{exp(—i/t: dt’HI(t’))] :T{Hl(t) exp(—i /t: dt’HI(t’)ﬂ
= HI(t)T[exp(—i/t: dt’HI(t’)ﬂ :

where in the last step we used the fact that ¢ is surely the latest time, so we
can put Hy(t) on the left side.

3.2 A First look at scattering

Let’s now take as an example the Yukawa theory and let’s apply to it the
interaction picture,

Huo =g / Bpiye. (3.16)

Now that the theory is interacting, the particle number is not conserved any-
more. In fact, the evolution of a state is given by |1(t)) = U(t, to)|¢(to)) where
U(t,to) is given by the Dyson’s formula and it thus contain Hj,;. Now, Hiy
contains creation and annihilation operators for each type of particle:

e ¢~ a+al: it can create or destroy ¢ particles (we call them mesons.

e ) ~b+cl: it can destroy 1 particles and create anti-particles ¢ (we call
them nucleons?).

ot ~ bl + ¢: it can create particles and destroy antiparticles.

Note that Q = N. — N, is still conserved even if N, and N, are not.

We want then to compute some amplitudes with our theory but first we have
to make an important assumption: Initial and final states are eigenstates
of the free theory. In other words, the initial state |¢) at ¢ — —oo and the
final state |f) for ¢t — oo are eigenstate of the free Hamiltonian Hy. Therefore,
the amplitude to go from |i) to |f) is

lim  (flU(t+, 1)) = (fIS]0), (3.17)

t4——

2Note that actually nucleons are spin 1/2 particles and do not arise from quantization of
a scalar field. We are using this as a Toy model.
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where we implicitly defined the unitary S-matriz.
This assumption seems to make sense but there are a couple of points that
are at least weird:

e We cannot describe bound states. For example, an electron and a proton
that collide, bind and then leave as an Hydrogen atom cannot be described
by this picture3.

e In a QFT interacting theory, a single particle is never really alone. We

will come back on this point when we will talk about renormalization.

Example: Meson Decay. Consider the following initial and final states,

|i> = /2Eza}|0)
"
= 4L Eg,b,, cti2
where we have a single meson of momentum p in the initial state and a nucleon

anti-nucleon pair with momenta ¢; and ¢o. To leading order (LO) in g, the
amplitude of passing from |i) to |f) is

(f15l) = —ig<f|/d4x¢T(x)¢($)¢(w)|i>~ (3.18)

Now, of all the contributions proportional to creation and annihilation operators
that are inside the definition of the fields, only a few (or even just one) contribute
to this amplitude. For example, the part of ¢ proportional to a', once used on
|i), would create a two mesons state which have no way to contribute to this
amplitude given that ¥(f) have not way of annihilating mesons. So we are left

with
d*k +/2Ey o
p

—iglf] / dhap ()p()e P |0)

(f151%)

where we commuted aj past a; and we used the 6 (p'— E) to perform the d®k
integral.

We now need to do the same for 1 and 9T, keeping again only the combi-
nation that can give a non-zero overlap to |f). So we get

4. 13 3 E- E-
(151 O|//d xd kld b /Fii P, | bl oL [0yttt

Er Efég

= —ig(2m)*"6™W (g1 + g2 — p) ,

3However, it is possible to solve this problem as the bound states appear as poles in the
S-matrix.
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that is our final amplitude.

Notice that the delta function constraints the kinematic of the decay, in
particular the decay cannot happen if m > 2M. In fact, we can move to a
reference frame where p = (m,0,0,0) and then the delta function would tell us
that ¢y = —¢> and that m = 2,/M? + |4]2.

How to go from an amplitude to a more physical quantity will be explained
later on.

3.3 Wick’s Theorem

From Dyson’s formula we would like to compute things like (f|T[H;(x1) ... Hr(x,)]|i),
where the ordering of the operators is fixed by time-ordering. However, calcu-
lation would be much easier if we could move all annihilation operator to the
right, where they can kill things in |¢). In other words we would like to have
those quantity in normal ordering. Wick’s theorem tells us how to go from time
ordered products to normal ordered products.

Definition: We define the contraction of a pair of fields in a string of opera-
tors ... ¢(x1) ... ¢(x2) ... to mean replacing those operators with the Feynman
propagator, leaving all the rest untouched. We use the notation

—_—~

to denote contraction. The simple case is then

——
o(z)p(y) = Ar(z —y). (3:20)
The same is then true for complex scalar fields, as

—— —,

(@) (y) = Ap(r —y) and  Y(2)y(y) = (@)Y (y) = 0. (3.21)

Wick’s theorem: For any collection of fields we have
T[p1...¢n) =: @1...0, : + : all possible contractions : . (3.22)

Before going to the proof, let’s see an example of application

PN ——
T(p10203¢4] =: P10203¢4 : + P12 : P3da i+ + P12 P3da+ ... (3.23)

Proof: It is easy to show for n = 2 so let’s proceed by induction: suppose
it is true for ¢ ... ¢, and let’s try to show it is still true once ¢, is added. If we

take 9 > 29 for all k = 2,...,n, we can put ¢; to the left of the time ordered
product as*
T(p1da--.Pn) = (o7 + ¢7)(: ¢2... by : + : contractions :) . (3.24)

“Note that ¢+ (z) = [ 22 —L_aPeFire
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Now, ¢ is proportional to a' so it is already normal ordered (it is on the right
of 7). However, we need to move ¢; on the right of all the ¢, operators. Each
time it moves past one we pick up a factor Ap(x1 — k) from the commutator

Lo ~ =
and it is exactly equal to ¢1¢%.00

Example: Nucleon scattering. Let’s look at ¥ — i) scattering. We
have

i) = V/2E5, /2B, bf, 05, [0) = [p1. p2)
If) = \/@ 2B, bL, bL, 10) = [p), ph)

We then need to compute (f|S — 1]i) (since we are not interested in the case
where no scattering happens). At order g? we have

<_;g)2/d4x1d4$2T[’¢1T(551)w(ﬂcl)w(l‘l)¢T(x2)¢(x2)¢(x2)]7 (3.25>

on which we can use Wick’s theorem to extract the piece

T T VIRV,
ppN (@) (z)Y" (22) P (22) + p(21)(22), (3.26)
that is the only one contributing to our scattering process. So we have
(P, pb| 1 (@) (@) (22) 9 (22) : |p1, p2)

:<PI17P12|1/)T($1)¢T($2)|0><0|¢($1W(m2)|]91,]92>

:(eip/lxl-l—ipéx? + eip,1332+i1)/2$1) (e—iplwl—ipﬂb 4 e—imxz—iple)

—eim1(Pr=p)+iz2(pa—p2) 4 e (PO +R(P1P2) (1) 45 1y) (3.27)
where we used the fact that

(0 (z)lp) = e~ (3.28)

So, at order g2 we get
d4x ieik(wlfin)

. (—ig)* / 4, 74 /
S|ty = ——— [ d°x1d 3.27
(18t = =57 [atndtanlG2n)] [ G
where the integral over k comes from the propagator coming from the ¢ con-
traction. Given that the x1, x5 dependence is symmetric, the term (z1 < x2)
double up with the other and cancel the factor 1/2. Also, the integrals over x
and xo give delta functions, which lead us to

i(—i )2{ ! + !
D or = p)T—mZ e (pr — ph)? —m? +ic

(3.29)

} (27)46D (p1-+pa—p)—51)

(3.30)
In this case the € prescription is not really needed since the denominator is
never zero. In fact, in the center of mass frame p; = —p> we have |pi| = |p/;.

This means that k = (O,ﬁfz;;) so that k% < 0.
We will see how to recover the same result with the Feynman diagrams.
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3.4 Feynman Diagrams

As we saw, computing amplitudes using Wick’s theorem is a long process. A
much simpler way is to use Feynman diagrams, which requires us to write
pictures and then associate numbers (or integrals) to them.

Given that the actual term we are interested in is ( f|S—1|i), we can represent
the various terms in the perturbative expansion as®

e Draw an external line for each particle in the initial or final states and
associate to them a momentum. In this case we choose dotted lines for
mesons and solid lines for nucleons. Also, use an arrow to describe its
charge. For initial state we choose incoming arrow for ¢ and outgoing for

1. The opposite is done for final state.

e Join the lines trough vertices, each of them is given by the interaction
terms in the Lagrangian.

Each of the diagrams written in this way represents a term in the expansion of

(15 =1[8).

Feynman rules. After having drawn the diagrams, one needs to associate a
number to them. For that we need the Feynman rules:

e Add a momentum k to each internal line.

e To each verter, write down a factor®

(—ig)(27f)45(4)(z ki) (3.31)

o For each internal dotted (meson) line we write a factor

/ (d4k ! (3.32)

2m)4 k2 —m?2 + ie

Same for solid (nucleon) lines in which however we use the nucleon mass
M in place of m.

Let’s see a few examples:
Nucleon scattering with Feynman Diagrams. Let’s look again at the

) — P scattering. The diagrams contributing to this process are shown in
figure 3.4. From them we can get, applying the Feynman rules,

5We are not doing this for the Lagrangian describing the mesons and nucleons, but this is
general.
6This is of course dependent on the particular Lagrangian we choose.
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Figure 3.1: Feynman diagrams contributing to nucleon scattering at lowest
order.

- z’(—z‘g)Q[ st
(pr —p1)2—m?  (p1—py)? —m?

]@W“Wm+m—m—%%
(3.33)
which is exactly what we got by the Wick’s theorem.

Note that in these diagrams there is a meson exchanging between the nu-
cleons with a momentum k = p; — p}. This means that it does not satisfy the
usual energy dispersion relation k? = m?2. For this reason, it is called a virtual
meson and it is said to be off-shell. On the contrary, the initial and final state
nucleons are on-shell (and they better be since they are particles that can be
measured).

We only considered the lowest order in perturbation theory, but going up
with the orders the number of diagrams grows.

Amplitudes. Having computed (f|S — 1|i) at order g2, we want to define the
amplitude Ay; as

(fIS = 1}i) = iA;i 6 (pr — p1) (3.34)

where p;r and pp are the sum of the initial and the final 4-momenta. What
we usually compute with Feynman diagrams is actually the amplitude so, let’s
recast the Feynman rules for that

e Draw all possible diagrams with appropriate external legs and impose
momentum conservation at each vertex.

o Write a factor (—ig) for each vertex.
o For each internal line write a propagator.
o Integrate over each momentum k flowing trouch each loop, as [ d*k/(2m)%.

We never actually used the last point because our diagrams had no loops, they
were tree level diagrams.
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We can write down several examples but let’s concentrate on one which is
useful to explain a concept: Nucleon-Anti-Nucleon Scattering. In this case the
diagrams are very similar to the previous ones and the final amplitude is

1 1
+ -
(p1—p1)>—m?  (p1+p2)? —m? +ie

iA=(—ig)? (3.35)
The second term is quite different from before: in the centre of mass (CdM)
frame its denominator is 4(M? + p%) —m?. If m < 2M this term never vanishes
(and in fact we can remove the i€) and we are back to a situation similar
to the one of the other term. However, if m > 2M, there exists a value of
p1 for which the denominator vanishes (and this is the reason we have the ie
term). In this case, however, the meson is unstable (it indeed can decay in two
nucleons). This instability can be described by adding an immaginary term like
iA in the denominator (for which of course we can then remove the ie term).
In any case, the amplitude grows a lot when we approach the kinematic region
4(M?+py1)? = m?. This is called a resonance and it is what we use to discover
particles.

3.4.1 Mandelstam Variables

There exists standard combination of momenta that appears frequently in our
amplitudes. They are called Mandelstam Variables and they are defined as

s = (p1+p2)* = (P} + ph)?

t=(p1—p})* = (p2 — ph)*

u=(p1—ps)* = (2 —1)*.
To get a feel for what these variables describe, let’s put ourselves in the CdM
in the case of 4 identical particles so that

p1 = (E,0,0,p) and pe = (FE,0,0,—p), (3.36)
and
py = (E,0,psinf,pcosf) and ph= (E,0,—psind, —pcosb). (3.37)
Then we get
s=4F? and t= —2p*(1 —cosf) and u= —2p*(1+cosh), (3.38)

which means that s measures the total center of mass energy while ¢ and u
measure the momentum exchanged by the two particles.

In the case of diagrams in which only one particle is exchanged, the ampli-
tudes take simple forms. For example we say that an amplitude has contribu-
tions from the ¢ and u channels if it has the form A ~ (£ —m?)~ 1+ (u—m?)~1.

Note also that there is always a relation between Mandelstam variables,
s+t+u=Yy, M2
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¢* Theory. Let’s now look at a different theory with interaction Hamiltonian

A
Hin = 570" (3.39)

The theory has now only one interaction vertex, while the other rules are the
same. Note that the vertex rule is (—i\), without the 4!. To see why, let’s look
at the ¢ — ¢¢ scattering that has the lowest contribution of the form
—iN, ,

T<P17P2| (@) d(x)p(2) () : p1, p2) - (3.40)
From Wick’s theorem we easily see that anyone of the field can be the one
annihilating or creating the particles, leaving us with 4! different contractions
which cancel exactly the 1/4! factor.

Using Feynman rules, the amplitude for this process is just A = —i\. Note
that it does not depend on the momenta at all: at leading order in this theory
the two-particle scattering is completely symmetric.

3.4.2 Connected and Amputated Diagrams.

The rule of writing all possible Feynman diagrams have a couple of caveats.
Both of them are related to the assumption that we made for which initial and
final states are eigenstates of the free theory. Namely, they are

e We only consider fully connected diagrams, i.e. where every part of the
diagram is connected to at least one external line. As we will see, this is
related to the fact that the vacuum of the free theory |0) is not the same
of the vaccum of the interacting theory 2.

e We do not consider diagrams with loops on external lines. We will see
that they enter our description in some sense but not while computing
amplitudes. They are related to the fact that the one-particle states of
the free theory are not the same of the ones in an interacting theory. In
particular, keeping these diagrams into account will take care of the fact
that interacting particles are never alone, but they are always surrounded
by a cloud of virtual particles. The diagrams in which all loops on the
external legs have been removed are called amputated.

3.4.3 Cross Sections and Decay Rates.
Now we are going to relate the amplitudes that we have learned to compute to

measurable quantities, such as cross-sections and decay rates.

Fermi’s Golden Rule. First of all, let’s derive Fermi’s golden rule from
Dyson’s formula. For two energy eigenstates |m) and |n), with E,, # E,, we
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have, at leading order,
t
(mlU(©)n) = ~im] [ dttR(®]n)
0
t -,
— —i(m| Hyne ) / dt'eit
0

ezwt —1

- Hin )
(1] Hing ) —

where w = F,,, — E,,. The probability of transition between n to m in time t is
then”

Pacon(t) = [Gnl0))? = 21l P (L= )

— 27| (m| Hiwe [n) P (B, ).

which means that for states of similar energy, E,, ~ E,, = E, the probability
is constant per unit time. This is Fermi’s golden rule.

Let’s suppose now we do not take the limit ¢ — 0, but we choose to compute
the probability for the state |n) at t— — —oo to transition to |m) at ¢ — co.
In this case we get, for the amplitude

—i(m| /_ S H ()Y — —i(m] Hine ) 276(w) (3.41)

which we need to square if we want to get the probability. However, we get
now the square of a delta function. The reason for that is we are computing the
probability for the transition to happen in an infinity time. Writing the square
of the delta function as

(2m)26(w)? = (27)0(w)T, (3.42)

where T is a shorthand for ¢ — co. So we can get the probability per unit time
by dividing by T', getting

Prom = 21|(m|Hing|n)|?0(w) . (3.43)

The same happen for our QFT calculations, for which we will get square of
6 —functions which we will interpret as spacetime volume factors.

Decay Rates. Let’s look at the probability for a single particle |i) of momen-
tum py to decay into some particles | f) with momentum p; and total momentum
pPr = le, This is
Sls 2
p = WIS (3.44)
(FLF) L)

"Note that we are taking the ¢t — oo limit where (%) — mtd(w).
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where our states obey the normalization
(ili) = (27)32E5,6®)(0) = 2E;,V , (3.45)

where we substituted §(*)(0) with V, and the same for the final states

=11 28Exv. (3.46)

final states

If we put ourselves in the frame in which the initial particle is at rest, so that
pr = 0 and Ejz, = m, we get the probability of decay

12
p= A onyts0 i, —pevr ]

4
2mV (3.47)

g 2E5 V"’
nal states

where again we exchanged one of the two delta functions for the spacetime
volume VT. Of course now we can divide by T to get the transition function
per unit time, but that is not enough because we have to care about summing
over all final states. So first we need to integrate over all possible momenta of
the final states, V' [ d3p;/(2m)3, which then cancel all the factors 1/V and which
construct the Lorentz invariant measure for 3—momentum integrals, together
with the factors 1/2Ep. If we now sum over all possible final particles, we
finally get the decay probability per unit time

1 2
r=o- > | Ay |?dll, (3.48)
final states
where .
dil = (2m)*6™ (pp — pr) H @nf 25, (3.49)
Di

final states

' is called the width of the particle and it is equal to the reciprocal of the
half-life 7 = 1/T.

Cross Sections. Let’s think now about the case in which we are colliding two
beams of particles. The fraction of the particles that actually collide is called
cross-section. If we define the incoming flux F' as the number of incoming
particles per area per unit time, then the total number of scattering events per
unit time is

N=Fo. (3.50)

We would like to compute it. In fact, we can do more: we can compute the
differential cross-section do that is the probability for a given scattering process
to occur (per unit time) in a solid angle (0, ¢). Namely,

_ Differential probability 1 1

do = =
7= Unit Time x Unit Flux _ 4E, B,V F

ApPdll,  (351)
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where F; and F, are the energies of the incoming particles. We need now
the expression for the unit flux. Let’s put ourselves in the CdM frame of the
collision. Then F' = |t} — U2|/V so that

1 1

do = —— 5=
4E1E2 |’U1 — UQ‘

|Ap;|?dIl. (3.52)
This is our final expression to link the amplitude we can compute in QFT to
the differential cross-section, which we can measure.

3.5 Green’s Functions

So far we computed scattering amplitudes, which are physical since they are
linked to cross-sections and decay rates. For less physical quantities, we need
to compute correlation functions. Let’s see how to compute them.
We denote the true vacuum of the interacting theory as 2 and we normalize
H such that
H|Q) =0, (3.53)

and (Q|Q2) = 1. This is of course different from the vacuum of the free theory,
for which Hp|0) = 0. Define

G (... xn) = QIT[pr (1) ... ou(zn)]Q), (3.54)

where ¢g is ¢ in the Heisenberg picture of the full theory. These functions are
called correlation functions, or Green’s functions. Let’s start asking ourselves
how to compute them from Feynman diagrams.

Claim: Denote ¢ the field in the Heisenberg picture and ¢4 the field in
the interaction picture. Then

O|T[p11 - - - Pn1S]|0) .

GO (1, wn) = QT b1a - - ]| 2) = (0[50}

(3.55)

Proof: We refer to books for the proof.

So, thanks to this claim, we are close to compute these correlations functions
with Feynman diagrams, since we are able to compute both the numerator and
denominator with Feynman diagrams. However, what about doing the ratio?
What is the interpretation of that?

3.5.1 Connected Diagrams and Vacuum Bubbles

In order to answer these questions, let’s take the ¢* theory as an example. We
represent the ¢ particles (the only kind of particles in the theory), by solid lines.
Then we have the diagrammatic expansion of 3.5.1. The combinatorial factors
of these diagrams make sure once can actually write them as an exponential,
in such a way the amplitude for the vacuum of the free theory to evolve into
itself is (0/.S|0) = exp (all distinct vacuum bubbles). Why is this relevant for
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<0|S|o>=1+8+( § +(D+8 8 )+

Figure 3.2: Vacuum bubbles diagrams.

the correlation functions? Because we have exactly the same exponential in the
correlation functions computation, so that we can write

(0|T[¢1 - .. Pn]S|0) = <Z connected dlagrams) (0]S]0) . (3.56)

This is then the reason of only considering connected diagrams when computing
amplitudes: the ratio between (0|T[¢1 ... ¢,]S|0) and (0]S]0) only depends on
connected diagrams. Coming back to the correlation functions, this means that

QT [Pr(z1) ... o (z,)]|Q) = Z Connected diagrams. (3.57)

3.5.2 From Green’s Functions to S-Matrices

Let’s now related these Green’s functions to the S-matrices. First let’s do the
Fourier transform

G™ (pr,...,pn) = / {H d%ie@m] G™ (z1,...,20). (3.58)
1=1

This is already close to the S-matrix we already computed, the difference being
that their Feynman rules include propagators Ap for external legs, while the
S-matrix ones don’t. To solve this, it is enough to cancel these propagators and
put their momenta back on shell, as

’
n

n
Dl S = U1, o) =(=)" T T2 = m®) [0 —m?)
j=1

i=1
X é(n+"/)(fp/1,-~'77p;z’7p1""’p")' (359)

So what did we understand? We understood that ignoring unconnected dia-
grams is related to shifting to the true vacuum of the interacting theory |Q2).
But then what is the point of introducing the Green’s functions? The point is
that it provides a framework in which one can deal with the true particle states
in the interacting theory trough renormalization. In this way we are correctly
treating scattering, considering also the swarm of virtual particles surrounding
each asymptotic state. Equation (3.59) is known as the LSZ reductions formula
and we will see it better next.



38

CHAPTER 3. INTERACTIONS



Chapter 4

The Dirac Equation

So far we discussed about fields such that under the Lorentz transformation
at — (' )* = AkxY, transforms as

() = ¢'(x) = p(A '), (4.1)

and we have seen that upon quantization, these fields give rise to particles of
spin 0. In order to describe particles with an intrinsic angular momentum,
or spin, it is necessary to consider fields that transforms non-trivially under
Lorentz transformations.

An example of a field that does not transform trivially under Lorentz trans-
formations, is the vector field A, (x), for which

Al (z) — APAY (A ). (4.2)
We will deal with vector fields later. More generally, a field can transform as
¢*(¢) - DAL (Aa), (4.3)
where the matrices D[A] form a representation of the Lorentz group, i.e.
D[A]D[As] = D[A1As] (4.4)

and D[A~!] = D[A]7! and D[1] = 1. How can we find the different represen-
tations? One can look at infinitesimal transformations and thus study the Lie
Algebra. In practice, as we have already seen,

AY =468 +wh (4.5)
for infinitesimal w, implies that w is anti-symmetric,
wt Wt =0, (4.6)

which gives a total of 6 independent components. It is then useful to choose
a basis for this 6 matrices. It has been proven convenient to write this basis

39
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as (MP7)" where [po] run from 0 to 3 and are anti-symmetric (so that for
example M% = — M) Then of course M is also anti-symmetric on the
[pv] indices because they are themselves anti-symmetric matrices. With this
notation, we can write our basis as

(MPOYY =Pk — 70 (4.7)

where p and v are the indices of the 4 x4 matrix, while p and ¢ denote which ba-
sis element we are considering. Note that, for practical reason, we will typically
lower one index, getting

(MPT)s = P67 — 767, (48)

which of course are no longer necessarily anti-symmetric in the [pv] indices.
Two example of these matrices are

01 00 00 0 O

1 0 0 0 0 0 -1 0
0l __ 12\p __

0 0 0 0 00 0 O

where the first generates a boost in the 2! direction and the second generates
a rotation in the (z!,2%)—plane.
Given that we chose a basis, we can then write w as a linear combination,

as
1 o

= S0 (M), (110)

where €),, are just 6 numbers. The six basis matrices, M, are called the

generators of the Lorentz transformations, and they follow the Lie Algebra

w

[MpU,MTV] _ ﬁUTMpV o nprMau + npuMJ‘r o T]UVMPT ) (411)

A finite Lorentz transformation can be then expressed by the exponential
1 o
A =exp §QPUM . (4.12)

Once we have the Lie Algebra, we can ask ourselves if we can find other matrices
that satisfy it.

4.1 The Spinor Representation

One possibility is the spinor representation. First, let’s define the Clifford
algebra,

A" =AMy =2 (4.13)
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where v* with ¢ = 0,1,2,3 is a set of four matrices and 1 denotes the unit
matrix. In order to satisfy the Clifford algebra, we must have

A = —4¥4*  wheny # v (4.14)
and _
(*)?=1, (¥)?=-1 i=123. (4.15)

It is not hard to see that the simplest representation of the Clifford algebra can
be found for 4 x 4 matrices (no 2 x 2 and 3 x 3 matrices can satisfy this algebra).

One possibility is
0 _ 0 1 i 0 Ji

where each element is a 2 x 2 matrix, in particular o* are the Pauli matrices

L (01 » (0 —i . (10
O’—(l O) , 0—<Z. O) , 0'—<0 _1>, (4.17)

for which {¢%,07} = 26". One can show that there is only one irreducible
representation of the Clifford algebra. The representation we have just shown
is one example, and it called Weyl or chiral representation. Now, it is possible
to construct other representations simply taking V~y*V~! with V invertible
matrix, but we will soon restrict to the case in which V is unitary.

So, what does the Clifford algebra have to do with Lorentz transformations?
Consider the commutator of two ~s,

1 0 p=o0 1 1
§P7 = [P 4% = = 4Py — Zpf7. 4.18
1077 {W)WJ p7éa} 5177 = 3n (4.18)
The claim now is that S°? are a representation of M*?. To show this we have
to prove equation (4.11), so first let’s compute [S#*,v”], since it will be needed.
When p # v we have

1
[SH] = 5[7“7”,7p]

1 1
— ZAHAVAP P diaV
27 et 27 el
— 1“/”{7” APY — ly”wpfy” _ 1{7’) Yy + Ly”’y”v”
2 ’ 2 2 ’ 2
=P =Pt
Now we can compute what we need, namely, for p # o,
1
[SH¥, SP7) = §[S“”m’ﬁ"]
L[5 Py SPs, 7]
2 ’ 2 ’
o VP W VO v, op

1 1 1 1
Lo ZAVAT PR | P _ AP
2’7’777 2’YWTI +2’YW77 2'7’777>
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from which we can use v#v? = 25#7 4+ n*? to get what we wanted to show,

(517, §P7) = SHOP — GYIPi 4 §PIT — SPYyk (4.19)

4.1.1 Spinors

We have then shown that the S#*¥ are a representation of the Lorentz group.
From now on we will use o and f to denote the matrix entries (they are 4 x 4
matrices after all). So, if there is a representation, there must a field that
transform following such representation. We then introduce the Dirac spinor
field ¢*(z), an object with 4 complex components labelled by alpha = 1,2, 3, 4.
Under Lorentz transformation we then have

¥ (x) = S[AGYP (A a), (4.20)
where
A =exp (;Q,,UMP”>
S[A] = exp (;QPUS”“) .

Note that although the basis of generators is different, we use the same numbers
Q to ensure we are actually doing the same Lorentz transformation on x and
on .

Now, both A and S[A] are 4 x 4 matrices so, how can we be sure that we
are actually doing something new? Let’s then look at specific cases

Rotations. For i # j and i,5 = 1,2,3",
- 170 of 0 o i 60 0
v — . . = — — ]
57 = 2 (—0'7' 0) (—(ﬂ O) 2¢ (0 0k> (4.21)
So, if we write the rotation parameters as €2;; = —€;;1 @*, then we get?
1 " 6i(§~(‘7’/2 0
S[A] = exp <2QPUSP ) = ( 0 eicﬁ-f?/?) ) (4.22)

Consider now a rotation of 27 about, say, the #2 axis. In this case @ = (0,0, 27),
and we get a spinor rotation

S[A] = <6ms ”903) =1, (4.23)

ijk gk

1Her¢ we are using the property of the Pauli matrices [qi, o] = 2ieV* 0", Since otol =
%([al,oﬂ + {o*,07}), one can get o'0? = %(21’6”’“0"C +269) = iedkak 4 59,

2Here we are using the property e“/*¢in = 2§k7,
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which means that
P = = (x). (4.24)

This is definitely not what happens to a vector! A vector, in fact, would trans-
form following A that is, in this case,

0 O 0 O
1 . 0 0 @ 0

A =exp (29,)0./\/1” ) =exXP o o3 g (4.25)
0 0 0 O

so that if @2 = 27, A = 1 and the vector is unchanged, as expected. So, S[A]
is definitely a different representation of the Lorentz group.

Boosts. Doing the same for a boost, we get

i 170 N[0 o\ 1[0 0
5 “9\1 0/\=¢* 0) 2\ 0 o° (4.26)

Writing the boost parameters as ;0 = —; = x;, we have
eXd/2 0
S[A] = ( 0 e;{.a/g) . (4.27)

4.2 Constructing an action

We have now a new field, the Dirac spinor ¥. Let’s now construct a Lorentz
invariant action. We start with a naive way which will not work but will give
us hints on how to proceed. Define

¥l(z) = (v) (), (4.28)

that is the usual adjoint of a multi-component object. A Lorentz scalar could
then be ¥, so let’s see how it transforms.

¥(z) = S[AJY (A )
i (z) = (A~ ) S[A]T

So we get o (2)y(x) — T (A~12)S[A]TS[A] (A~ z). However, for some Lorentz
transformations (as for example the boost we have seen before, S[A] is not uni-
tary and so S[A]TS[A] # 1. This means that 1 (z)y(x) was not a good choice.
However now we know how to proceed: let’s take a representation of the Clifford
algebra that, like the spinor representation, satisfies (7°)" = 7% and (7")T = —v".
Then we have

Yy = ()1, (4.29)
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which means that

(#)t = Z16 ()] = =208+, (4.30)
so that we get
1 _
S[A]T = exp (29,)0(5”)0 =10S[A]71A°. (4.31)

It is then clear that we can define the Dirac adjoint

d(a) =9 (2, (4.32)

with which we can construct a Lorentz invariant object and several Lorentz
covariant objects. First ¢ is Lorentz invariant, in fact

d(@)(a) = PH () (@)
— YA ) S[A]' S [AJY (A )
=y (A )y (A )
= (A 1z)p(A~ 1z).
Also, 1y"1) is a Lorentz vector, which means that
Py — ALYy, (4.33)

and Yy#y1) behaves as a Lorentz tensor.
Having now these new quantities we can construct the Lorentz invariant
Dirac action

S = /d4xz/;(x)(i'y“8u —m)y(x). (4.34)

We will see that this action, after quantization, describes particles and anti-
particles of mass m and spin 1/2.

4.3 The Dirac Equation

From the action we can get as usual the equations of motions, varying with
respect to 1 and 1) independently. We get then (varying with respect to 1)

(ty"0, —m)yp =0, (4.35)
that is the Dirac equation. Varying with respect to i, we get
10,0y +mip = 0. (4.36)

The Dirac equation mixes up the different components of ¢ by the matrices
v, but each of the individual components solves the KG equation. To see this,
let’s write

(i7" 0y +m)(iv"0, — m)Yp = — (Y470, 0, + m*)¢. (4.37)
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But we know v#~%0,,0, = 1/2{y",~4"}0,,0,, = 0,,0", so that we get

(0,0" +m*) =0, (4.38)
where this has no v matrix, so it is applied to each component of ¥®, with

a=1,234.

The Slash. An useful notation, that we will use later on, is used when we
contract 4—vectors with v matrices. In particular, we denote

A=A, (4.39)
so that, for example, the Dirac equation reads

(i —m)p =0. (4.40)

4.4 Chiral spinors

When we needed an explicit form of the v matrices we used the chiral represen-
tation of equation (4.16). With these, we computed the spinor rotation trans-
formation S[A0t] (eq. (4.22)) and boost transformation S[Apeost] (eq. (4.27)).
They both are block diagonal and this means that the Dirac spinor represen-
tation is reducible, i.e it can be decomposed into (two in this case) irreducible
representations. These two irreducible representations act on two-component
spinors u4+ which, in the chiral representation, are defined as

Y= (Z*) . (4.41)

They are called Weyl spinors or chiral spinors. They transforms in the same
way under rotations,

Uy — 1P 2y, , (4.42)
but oppositely under boosts,
Uy . (4.43)
In group theory language, uy is in the (1/2,0) representation of the Lorentz

group, while u_ is in the (0,1/2), so that + is in the (1/2,0) & (0,1/2) repre-
sentation.
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4.4.1 The Weyl equation

We can then use the chiral spinors to write our Dirac Lagrangian. We have®*
L=1(id—m)p = iuia“aﬂu, —|—iu15“8uu+ — m(uiu, +uluy) =0, (4.44)

where we denoted ' ,
ot =(1,0") and " =(1,—0") (4.45)

the two 2 x 2 sectors of the v matrices. From the Lagrangian now we can see
that a massive fermion needs both uy and u_ since they couple trough the
massive term. However, a massless fermion can be described even by only of
the two, with equation of motion

i0"0yuyr =0 or i0"dyu_ =0, (4.46)

called Weyl equations.

Degrees of freedom. The Dirac Fermion has 4 complex componenets = 8
real components. Does this mean that it has 8 degrees of freedom? Keep in
mind that a real scalar field has only one degree of freedom, which results in
being able to produce only a single type of particle, and a complex scalar field
has two degrees of freedom, and in fact it can produce particle and anti-particle.
To answer this question, let’s look at the momentum conjugate of a Dirac field,

Ty = 0L/ = iyt (4.47)

It is not proportional to the time derivative of ¢, which is a direct consequence
of the fact that the Dirac equation is linear, as opposed to the KG equation that
is quadratic. This means that the phase space for a spinor is parameterized by
1 and 1T, which means it has 8 real dimensions and correspondingly 4 degrees
of freedom. After quantization, this corresponds to two degrees of freedom (spin
up and down) for the particle and the other two for the anti-particle. Of course,
the Weyl fermion has two degrees of freedom.

4.4.2 The

The S[A] came out to be diagonal because of our choice of the chiral represen-
tation. Let’s see what happens if we choose a different representation y* of the
Clifford algebra, so that

W= UMU™Y and ¢ — Ud. (4.48)

3Note that v is (u]‘|r ui) P (ui ul)

4Note also that the v matrices in the spinor representation are block anti-diagonal, so that
they are diagonal on the antidiagonal but they are zero on the diagonal. This means that,
when dividing them in two blocks corresponding to the Weyl representation, only the (1, 0;)
(corresponding to (7°,~%)) will contribute to the lower 2 X 2 part and viceversa. Indeed the
fact that they are antidiagonal make sure that their upper 2 x 2 part will act on the lower
2 x 2 part of the object they are acting on.
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Now S[A] is not block diagonal anymore. Is there an invariant way to define
the chiral spinors? We need to introduce another v matrix,

7° = =iy R, (4.49)

which satisfies
{7°,7"}=0 and (°)*=1. (4.50)

The set ¥4 = (y#,iy°) satisfies the five-dimensional Clifford algebra {74, 75} =
2048 and (S, 7°] = 0, which means that 7° is a Lorentz scalar. We can then
use it to construct Lorentz invariant projector

1
)

such that P{ = P,, P2 = P_ and P{P_ = 0 (so that they fulfill the needed
projector relations). In the chiral representation, it takes the form

¥ = ((1) _01> , (4.52)

which shows that indeed Py project respectively into u+. However, we can use
P, in an arbitrary representation to define the chiral spinors, as

Yr =Py, (4.53)

which forms the two irreducible representations of the Lorentz group. Note that
14 is called a right-handed spinor and _ a left-handed spinor.

Py =<(1£7°), (4.51)

4.4.3 Parity

Right and Left handed spinors are related to each other by parity. Let’s define
this concept. Recall that the Lorentz group is defined in such a way

APAPYYe = phe (4.54)

So far we have only considered transformations that are continuously connected
to identity, which is the reason why they have an infinitesimal form. However,
there are also two discrete symmetries that are part of the Lorentz group,
namely

Time Reversal T : 2° — —z%; 2 — 2!
Parity P : 2° — 20; ' — —z*.

While we won’t discuss time reversal (because of its limited relevance), parity
has an important role in the Standard Model (SM).
Under parity, left and right handed spinors are exchanged, namely

P (T, 1) = g (—F,1) . (4.55)



48 CHAPTER 4. THE DIRAC EQUATION

It is easy to show that the action of parity can be described by the 4° function,
as

P (&, t) — y0u(—1,t). (4.56)

Let’s then look at how our interactions change under parity and, in general,
at how our bilinears change under parity. So we have

which is a scalar, and we have (by components)

Py Oy(Z, t) = 9y (=7, 1)
Py (2, 1) = Y’y O (=F,t) = =y (=T, 1),

which is the transformation of a vector, with the spatial part flipping the sign.
The same applies to 1)S*¥1) which transforms as a tensor. So everything as
expected.

However, now we can form others Lorentz scalar and vectors with our new
7,

Yy°y and PPyt (4.58)

How do they transform under parity?

P 1/;751#(%7 t) — 71[)751#(79?7 t)
— P 0Y(=Z,t)
1

_i 0
+yP i (=T, 1)

7

Py yHp(E,t) — {

which means that Yy°¢ transforms as a pseudoscalar (it takes a minus sign)
and y5yH) transforms as an awial vector (the temporal component takes a
minus sign). To summarize, we have the following bilinears to construct our
theory,

Ynp © scalar

Yyfap © vector

pS*ah : tensor
Yy°1p : pseudoscalar
Yy°yHe) © axial vector

Note that, given that terms involving 7 are not really scalar or vector, they
will typically break parity, although this will not be always true. A theory that
treats ¥4 on equal footing is called a vector-like theory, while a theory that can
distinguish between ¢4 and ¥_ is called a chiral theory.
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4.4.4 Majorana Fermions

Our spinors ¥® are complex objects, and they have to be since S[A] is also
complex, so even a real ¥ would become complex in general under a Lorentz
transformation. However, there is a way to impose a reality condition. To do
that, it is simpler to look at a new basis for the Clifford algebra, called Majorana
basis,

0 __ 0 U2 1 _ iO’S 0 2 0 _0'2 3 _ —7:01 0
V= 0_2 0 V= 0 i0'3 y V= 0_2 0 y V= 0 —iO’l

which of course satisfy the Clifford algebra. They are special because they are
all pure immaginary, (v#)* = —+#, which means that the generators of the
Lorentz group, S = 1/4[y",~"], are real.In this basis we can then work on a
real spinor

Pr=1, (4.59)

which will be preserved real under Lorentz transformations in this basis. Such
spinors are called Majorana spinors.
Let’s now make a step back for a second and define the charge conjugate of
a Dirac spinor as
PO = oy, (4.60)

where C' is a 4 X 4 matrix satisfying
C'C=1 and CTHHC = —(y")*. (4.61)
How does it transform under Lorentz transformations?®
»®) = CS[A]*¢* = CS[A]CTCy* = S[A]CY* = S[A]p™ | (4.62)

so that 1(¢) not only transforms nicely under Lorentz transformation, but if
1 satisfies the Dirac equation, ¥(¢) does too. In general this is related to the
anti-particles.

Coming back to the Majorana spinors, our reality condition implies

P =9, (4.63)

which means that, after quantization, Majorana spinors give rise to particles
that are their own antiparticles. This is exactly the same of the real scalar field
case, but for the fact that they were spin 0 particles while the Majorana spinors
are spin 1/2 particles.

The matrix C in Majorana basis is just Cya; = 1. In the chiral basis

0 io?
C’chiral - (Z-O_Q 0 )

5Here we used the fact that CTv#C = —(y#)* implies C(y*)*CT = —y# and that in S*¥
there are two s so that the minus sign disappear.
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Finally, it is interesting to see how the Majorana condition looks like in
the chiral representation, so in terms of chiral spinors. What we find is that a
Majorana spinor can be written in chiral representation as

— Uy
= <—i02ui) . (4.64)
4.5 Symmetries and Conserved currents
The Dirac Lagrangian has a number of symmetries, let’s look at them

4.5.1 Spacetime Translations

Under spacetime translations, the spinor transforms as

0 =€ (4.65)
Applying Noether’s theorem we get the energy-momentum tensor
TH = ihpy o — ' L. (4.66)

Given that the current is conserved only when the equations of motion are
conserved, we may as well apply the equation of motion here without losing
anything. In this way we can remove the £ term and get

TH = iy 0" . (4.67)

In particular, we get the total energy
E = / 32T = / iy = / A2zt (—iv'0; + m)y . (4.68)

4.5.2 Lorentz transformations

Under an infinitesimal Lorentz transformation we have
« 174 « 1 g\
SY* = —whx¥ 9> + 5@,,,(5/) V597 (4.69)

where w! = 1€,,(M??)k. Using the properties of M we can easily show that
w = and so we can write
1

Y = —wh (2,00 — 5(Sw)gqpﬂ] . (4.70)
Using Noether’s theorem now, we can get the conserved currents
(THMP7 = 2PTH" — 27 THP — igpyH SP74 (4.71)

where the first two terms are, as usual, the external angular momentum of
the system, while the third term, after quantization, will be responsible for
providing the state with internal angular momentum (the spin of the system).
In particular, for a one particle state, it will tell us that a Dirac spinor gives
rise to a particle of spin 1/2.
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4.5.3 Internal Vector Symmetry

The Dirac Lagrangian is invariant under @ — e~ **, which gives rise to the
current

=o'y, (4.72)

where V stands for vector (it reflects the fact that this symmetry does not
distinguish between left and right handed components). The conserved charge
arising from this symmetry is

Q= / oy = / 3zt (4.73)

which we will see has the interpretation of electric charge of particle number
for fermions.

4.5.4 Axial Symmetry

When m = 0, the Dirac Lagrangian admits an axial symmetry,

P — eio‘vsz/} and 1) — 1[)6”75 . (4.74)
The conserved current is -
i = vty (4.75)
and it is conserved only when m = 0. In fact, we can compute
Oty = (OO + "y 0pp = 2imgy (4.76)

which vanishes only for m = 0. However, this is interesting because, when the
theory is coupled with gauge fields, the axial symmetry remains a symmetry
of the classical Lagrangian, but it does not survive the quantization process!
Cases such this are called anomaly.

4.6 Plane Wave Solutions
Let’s now study the solutions to the Dirac equation
(ty" Oy —m)p = 0. (4.77)
We start by assuming the ansatz
¥ = u(p)e” (4.78)

where u(p) is a 4—component spinor, independent of spacetime = and possibly
dependent on momentum p. The Dirac equation becomes

(Ypu — m)u(p) = (AZZ pf:) u()=0. (4.79)
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The solution to this equation is ©

u(p) = (%ﬁ) : (4.80)

for any 2—component spinor ¢, normalized as £f¢ = 1.

Negative frequency solutions. We can get further solutions using the
ansatz

b =v(p)e™ . (4.81)

While the solutions we found before are called positive energy solutions, the
ones we can find with this ansatz have negative energy, thus are called negative
energy solutions. We can write it as

v(p) = (—@n) , (4.82)

with again nfn = 1.

4.6.1 Helicity

The helicity operator is the projection of the angular momentum along the
direction of the momentum,

1 ~i 1 ~ 0'7; 0
h = 5 CigkD S = 5P (0 Ji> . (4.83)

The massless field with spin ¢ = (1,0) has helicity h = 1/2 and we say it is
right-handed, otherwise we say it is left-handed.

4.6.2 Some Useful Formulae: Inner and Outer Products

There are a number of identities that involve products of u(p) and v(p). It
is firstly convenient to introduce a basis £° and n® with s = 1,2 for the two-
components spinors such that”

€ries =6 and n'Tpt =670, (4.84)
Starting with the positive energy solutions we have then that the two indepen-

dent solutions are
s o0&’
W (F) = (ﬁvg.;) . (4.85)

SWe do not provide the proof here.
7A simple example is &1 = (1, O) and £2 = (0, 1).
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We can take inner products of four-components spinors in two ways, u! - u or
@ - u. The first is not Lorentz invariant but it is still useful for quantization. So
we have

r s r r = o’
W) = € VeV (VI )
_ ETTP . O,é-s + 5”17 . 0—_£S _ QETTPOSS — 2p06rs ,
while the Lorentz invariant one is

@(F) vt () = - = 2mé™ . (4.86)

Analogous results can be found for the negative energy solutions,

v (p) - v*(B) = 2pod™
o"(p) - v*(p) = —2md"* .

We may also compute the inner product between u and v, obtaining

u'(p) - v°(p) = 0" (p) - w*(p) = 0, (4.87)

and

@) v (=p) = v (B) - wt (=) = 0. (4.88)

Outer Products. We want to prove®

2
S w @@ =p+m (4.89)
s=1

and

2
> v (@B =p—m. (4.90)
s=1

Proof: we prove just the first statement.

Zu () = Z(Vp G NN AN ST

but we know £5¢5T =1, the 2 x 2 unit matrix, so that we get

Swwrw- (), ") (1.92)

m

that is what we wanted to show.

8In this case we are not contracting anymore the spinors, but placing them back to back
to give a 4 X 4 matrix. That is the meaning of an outer product.



o4

CHAPTER 4. THE DIRAC EQUATION



Chapter 5

Quantizing the Dirac Field

We finally want to quantize the Dirac Lagrangian,

L =y(a)(id —m)ip(z) . (5.1)

We will start doing the same we did for the scalar field and we will realize things
go wrong.

5.1 A Glimpse at the Spin-Statistics Theorem

As usual we have to define the momentum conjugate,

- gi — i = iy, (5:2)

and then we promote the field ¥ and its momentum ~ v to operators satisfying
the canonical relations, as

[Ya(®), 5(5)] = [WL(F), 65(H)] =
[a(@), 0 ()] = 6056@ (& — 7).
This step is what we will soon have to reconsider.

Since we are dealing with a free theory, each classical solution is a sum of
plane waves, so we can write the quantum operators as

d? 1 S’ ip-x st,.s ip-T
Z/ g e e

d*p

s*T S(ﬁ)T —ip-x +C%U3(mfeiﬁ-r],

2E~

95
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where sz create particles associated to spinors u®(p), C;.T creates particles as-
sociated to v*(p) and so on. From the canonical commutators, we can get the
commutation relations of the operators,

(b7, b2 ] = (2m)3676) (7 — )
el = —(2m)*6m s - ).,

[cp’ q

and all the other commutators vanish.
Note the minus sign on the commutators of the ¢ operators. It implies that
we cannot define the ground state as c;|0) = 0 because then c?|0> would get

a negative norm. We will then have to flip the mterpretatlon of of ¢ and ¢! in
such a way the ground state will be defined as ¢, |O> = 0 and the excited states
will be constructed with Ch We will see that this is exactly what we need to
change.

5.1.1 The Hamiltonian

Let’s proceed constructing the Hamiltonian for the theory. We have
H=mp—L=1p(—iy'0 +m), (5.3)

with which we can see that H = [d®zH agrees with the conserved energy
computed in the previous chapter. We then need to promote the Hamiltonian
to an operator. Let’s start with

i oeme = / m[b5~<—vim+m>us@ew‘uc?(vipﬁm)vs@e-iﬁ‘f]7

where we left the sum over s = 1,2 implicit. Now we use the definitions
(—=v'pi +m)u*(P) = 7°pou®(P) and  (v'pi +m)o*(B) = —7"pov*(D), (5.4)
SO we can write
- @Pp By o, ipd _ st s —ip-@
(—inis + m)p = /W\/W bt (B)e T - vt (eI, (5.5)

We can now write the Hamiltonian operator as

H= /di”xwwo(—mi@ + m)e

dBzd3pd®q | Ey ¥ o -
_ T, T t,—iq & L t,iq-27.
*‘/ (277)6 4E [b (@ +qu ((T) e ]
(b (P)e™ — c3Tv* (F)e 7]

;
= [ L @) 1) - el )
"

[b
= bl () ot ()] + bl () - ()]
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We can now use our inner products equations to get

dS
H= / bSTbS - cacj)

P

- / éiff #(05105 — e+ (2m)°6(0).

The 6 term is familiar and we know we can deal with it with normal ordering.
The bb term is also familiar and we can check b creates positive energy states
as expected,

[H,b3] = Egbf (5.6)

The minus sign in front of the cfc is instead weird. If we interpret ¢ as creation
operators, then there is no problem because we still find that ¢ creates positive
energy states. However, we already noted that these states have negative norm
so, in order to have a sensible Hilbert space, we are forced to interpret c as
creation operators instead. But in this case, the minus sign we got tells us that
the Hamiltonian is not bounded from below because

[H, c%] = —Epcy. (5.7)

This is a real problem as, if this was the case, it would mean that we could get
states of lower and lower energies just by producing c¢ particles!
In fact, this minus sign is telling us something important.

5.2 Fermionic Quantization

The key piece we missed is that the particles we are describing are fermions
and so they obey Fermi-Dirac statistics, meaning that the quantum state must
pick a minus sign upon the interchange of any two particles. In fact, the spin-
statistics theorem tells us that integer spin fields must be quantized as bosons
(fields commute) while half-integer spin fields must be quantized as fermions
(fields anti-commute). We must be consistent with this.

Remember that the scalar fields obeyed bosonic statistic because creation
and annihilation operators obeyed commutation relations, i.e

lal, al] = 0 = alall0) = |5, d) = |3.5) - (5.8)

This tells us that, in order to have states obeying fermion statistics, we need to
use anticommutators. So we must ask

{a(®), s} = {0L@), 5@} =0
{/(/)a (f)v w;(g)} = 5&55(3) (f - :Ij) ,
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then the same expansion of the fields in terms of b, b', ¢, ¢’ applies but now it
tells us

{b5 b31} = (2m)%676P) (5 — )
{cp e} = (2m)%676@) (5 — )
and
(b5, b5} = {cp g} = {bh. e} =+ =0. (5.9)

Also the computation of the Hamiltonian is the same until

dS
st1s st
H= / b5 by — ¢ |

_ / (;f)’ AT b+ cstes — (2m)26@(0)

which is the same we got before but for the infamous minus sign. This is what

we wanted to get.

5.2.1 Fermi-Dirac Statistics
We define the vacuum |0) as
b/0) = c5]0) = 0. (5.10)

We also note that, although b and ¢ obey anti-commutators relations, the Hamil-
tonian obey commutation relations with them

[H,b] = —Ezby; and [H,b] = Egb}f
[H,cp] = —Epc; and  [H, cg] = Eﬁcg :

This ensures we can again construct a tower of energy eigenstates by acting on
the vacuum with b and ¢f. For example, we have the one-particle state

- _grt
[, r) = b;'[0), (5.11)
and the two particle states now satisfy
|p1, 713 P2, T2) = brinmT\@ —|p2,r2;P1,71) (5.12)
which confirms that these particles obey Fermi-Dirac statistics. In particu-
lar, they satisfy Pauli exclusion principle |p,r;p,7) = 0. We could also check

that a stationary particle |p'= 0,7) carry intrinsic angular momentum 1/2, as
expected.
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5.3 Propagators
We define the fermionic propagator to be

iSap = {Ya(2),vs(y)} . (5.13)

where in the following we will often drop the indices «, 8. Inderting the expan-
sions of the fields we get

3013
iS(x —y) = /w; [{657 brj}us (ﬁ)ﬂr(@e*i(f’“*q'w
(2m)° AEsEg T

el e (P (@€ o]

3

3
= / (;l7§?’21]55[(p +m)e P @Y 4 = m)e? @Y

We can then write
iS(x —y) = (id, + m)(D(z —y) — D(y — x)) (5.14)

where D(z — y) is the scalar propagator that, recall, can be written as

dsp 1 —ip-(z—y)
D(xz—y) = / 2n) 2Eﬁe . (5.15)

Note that, at least away from singularities, the propagator satisfies

(i@, —m)S(z —y) =0. (5.16)

5.4 The Feynman Propagator
Doing similar calculations, we can determine the vacuum expectation value

3
O 0 = [ 327

(p+ m)aﬁe—m(r—y)

3
O )0 2)0) = [ G555 5 (p = et

So we can now define the Feynman propagator Sg(z — y) as a time ordered
product,

(Ol (@) (w)|0) 2° > y°

)
O - b)) > O

Sr(x —y) = (0IT[¥(x)P(y)]|0) = {
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Notice the minus sign: it is necessary for Lorentz invariance. We can also write
it in the 4—momentum representation as

[ dp vpt+m
—q) = —ip(e—y) T
Sp(x—y) z/ (2%)46 g, (5.18)

which satisfies (i, —m)Sg(z —y) = i6® (x — y), so that it is a Green function
for the Dirac operator.

Also note that fermionic fields also anticommute inside time-ordering prod-
ucts and normal ordered products. This means that Wick theorem work as in
the scalar case but with the contraction definition

—

() d(y) = Tl ()d(y)]— : P(x)d(y) == Sp(z —y). (5.19)

5.5 Yukawa Theory

The interaction between a Dirac fermion of mass m and a real scalar field of
mass p is described by the Yukawa theory,

L= 50,0016~ Lp207 + 960 — m)b ~ A6 (5.20)

which extends the Yukawa theory we already looked at. Couplings of this kind
actually appear in the SM for the interaction of fermions with the Higgs boson.

Since Yukawa first proposed this theory as an effective theory of interactions
between mesons and nucleons, we will use it in this context and still call ¢ the
mesons and ¢ the nucleons (with the difference, with respect to before, that
now nucleons have spin). Note that, since [¢] = 1 and [¢)] = 3/2, [\] = 0 and
it is then a dimensionless coupling. We then proceed as before, computing the
amplitude for a particular process and then using it to infer the Feynman rules.

5.5.1 Example: Nucleon scattering with spin

Let’s study ¥y — 91 scattering. Same of what we did but now with spin. Our
initial and final states are

i) = VAEZE3b(0) = |7, 5:.d,7)
4E5/E§/b;,Tb}T|O> =1p,s;q7,r"),
where now we should be careful about minus signs, in particular when doing

the adjoint o
(fl = V/4Ey Eg (0[bz b3 . (5.21)

We need to compute the order A2 terms of (f|S—1[i), that is (in the interaction
picture)
(—iA)?

T/d4$1d4$2T[1/7($1)¢($1)¢($1)1/7($2)¢($2)¢($2)]- (5.22)
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As before, the only term contributing at this order is

_ _ —_——
cP(@) (@) P(@2)d(22) : G(21)(22) - (5.23)
Let’s start looking at how the fermionic operator acts on |i), for the moment
expanding out only the ¢ fields and also ignoring the ¢! pieces in 1 since they
give no contribution in this case. So we have

3 3 . _ .
Dbt olan) < 110 = = [ F ) (ea) - (o)

—ikl'ail—ikg-wz
: b B0 1),
4EE1EE2
where the minus sign in front comes from the fact that we moved v (z1) past
Y(x3). Now it is enough to anti-commute b’s past b'’s to get

1 _ _
_ 1) - u” ) - ub oLz —iq-ay
57 (7)) 0 @) 0 )
= [(@1) - u* ()] (w2) - u (@le” P 7Hw2)[0) .
Let’s now contract this with (f|. First let’s look at

Ly Ly
etp T1tig T2

2\/EyEg
eipl'$2+iq,'$1
2 /EyEg
and it is easy to see that the other term, [¢)(x1) - u*(P)][¢)(z2) - u" ()], just
doubles up with this canceling the 1/2 factor in front. At the end we get

(F15 = 1Ji) =
dizydiaadtl et (@ime) , o i (o]
£) )2 1 2 =T T =S s 1x1-(q —q)+ize-(p —
(ine [ SR kg_mz.e([u (@) o @[ () - (Pl @ i D
— [ @) @ (@) (e )
and computing the integrals over x; and x5 becomes

/d4 Cmti(—ir? ([@" (@) - (@) (7) - w* (DD (¢ = g+ k)§D (W —p—k)

— 2 + e
— @) @) @) w @R - g+ RO —p k).

Finally we need to remember that (f|S —1]i) = iA(27)*0W (p+q—p' — ¢'), to
get the amplitude

’ ’

(0B b3y [P(1) - " (D[ (2) - u* ()]]0) = [@* (') - w" (@[ (7) - u*(P)]

’ ’

[@"(7) - w" (@[u () - w* (D)),

A= (z‘/\)z([ﬂrl((f) (@) () - ()] [ () 'UT((DH‘T’( ) - u (ﬁﬂ)
- r o \2 2 ; ’_
(P —p)? — p? +ie (¢ —p)* — p? +ic
This calculation is already quite long, let’s see how Feynman rules can simplify
our life
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5.6 Feynman Rules for Fermions

To each incoming fermion with momentum p and spin 7, we associate a
spinor u"(p). To each outgoing fermion we associate @” (p).

To each incoming anti-fermion with momentum p and spin r, we associate
the spinor #(p). For outgoing anti-fermions we associate v"(p).

Each vertex gets a factor (—i\) (this is of course dependent on the inter-
acting part of the theory).

Each internal line gets a factor of the relevant propagator

P ;
,,,,,,,, -5 for scalars
pe — pe +e
1% .
— ipam) |
- for fermions .
pe —m* + 1€

Note that fermion lines should flow consistently through the diagram to
ensure fermion number conservation. Note also that the fermion prop-
agator is a 4 x 4 matrix and it is contracted at each vertex either with
spinors or with further propagators.

Impose momentum conservation at each vertex and integrate over unde-
termined loop momenta.

Add extra minus signs for statistics (we will see examples).

5.6.1 Examples

Let’s see the same examples we saw for the Yukawa scalar theory.

Again Nucleons scattering with spins. The two diagrams contributing
to this process are

where the second is obtained from the first just switching the two final particles.
For this reason, given that we are talking about fermions, we get a minus sign.
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Using the Feynman rules we can easily get

A o (WIE U))@)) ),

(p—1')%—p? (p—q)*—p?

Nucleon-Anti-Nucleon Scattering with spin. For ¢ — ) the two
lowest order scattering diagrams are

px /1:8’

We do not compute the amplitude here, but we just want to note that the first
diagram takes a minus sign with respect to the second. In fact it can be obtained
from the second, just switching on final particle with an initial particle.

5.6.2 Pseudo-Scalar Coupling

Rather than the standard Yukawa-Coupling we could have considered

LYuk = 7)\(251/;,751)[}’ (524)

which still preserves parity in case ¢ is pseudoscalar instead of scalar.
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Chapter 6

Quantum Electrodynamics

We finally arrive to describe quantum electrodynamics (QED) which is the the-
ory of light interacting with charged matter.

6.1 Maxwell’s Equations

The Lagrangian from which we can get Maxwell’s equations, in absence of
external sources, is

L= {Fu", (6.1)
where the field strength tensor is defined as
F,, =0,A, —0,A,. (6.2)
The equation of motion we get from this Lagrangian is
Oy <3(36,f4u)) =—0,F" =0, (6.3)
and we can also get the Bianchi identity from the field strength
ONFup +0uFux +0,Fy, =0. (6.4)

If we want to recover the usual Maxwell’s equations we need to define some

3—vector notation. In particular, defining A* = (¢, A), we get that the electric
and magnetic fields are

. A ~ "
E:—V¢—887 and B=Vx A, (6.5)

which can be also written in terms of F),, as

O E. E, E,
|-E. 0o -B. B,
Fu=|_g o B (6.6)

-E. -B, B, 0

65



66 CHAPTER 6. QUANTUM ELECTRODYNAMICS

From Bianchi’s identity is then easy to get two Maxwell’s equations

. 0B .
V-B=0 and — =-VXxEFE. (6.7)
ot
These remain true even in presence of electric sources, while the ones obtained
from the equations of motion,

—

. B .
V-E=0 and %:VXB, (6.8)

get extra terms in presence of charged matter.

6.1.1 Gauge Symmetry

The massless vector field A, has 4 components from which one can think that
it has 4 degrees of freedom. However, we know that the photon has only 2
degrees of freedom, which we call polarization states. There are two points that
ensure that, after quantization, we will get 2 degrees of freedom:

e The field Ay has no kinetic term AO in the Lagrangian, i.e. it is not
dynamical. In particular, given the initial conditions A; and A;, we can
fully determine Ay from V - E = 0, which can be written as

V240 + V- — =0. (6.9)
The solution is, in fact,

(V- 04/0t)(7"))

6.10
4dr|Z — 7| (6.10)

Ao(f) = /d3x'
Ap is then not a free degree of freedom, leaving us with only three (which
are however still too many).

e The Lagrangian has a large symmetry group
Au(x) = Au(x) + 0, () (6.11)

for any function A(z) that decays suitably quick as & — co. This is called
a gauge symmetry. Of course the field strength is invariant under gauge
symmetry. This means that we have a theory with an infinite number
of symmetries, one for each choice of A(x). We know how to deal with
symmetries that affect each point of the spacetime in the same way, but
this is not like that. Do we know how to deal with this? The point
is that gauge symmetries have a different interpretation than the global
symmetries we are used to. The latter take a physical state to another
physical state with the same properties, while the former is a redundancy
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of the description (so that two states linked by a gauge symmetry are
exactly the same state). This is also very important because otherwise
Maxwell’s equations would not be able to specify entirely the evolution of
A, In fact, the evolution is given by

[nlﬂ/(apap) - 8”61/]141/ - 07 (612)

which is such that any part of A” of the form 9, A is just 0. This means
that we cannot distinguish between A* and A* + 9* X and so they better
describe exactly the same state!

Different representative configurations of a physical state are called different
gauges. There are different possibilities that can be easier to use in different
contexts. For example we will use:

o Lorentz Gauge: J,A4" = 0. It has the advantage of being Lorentz
invariant. Also, it does not use completely the freedom of gauge symmetry.

¢ Coulomb Gauge: V - A =0. Use the remaining freedom from Lorentz
Gauge and, as a result, it is not Lorentz invariant anymore. It is called
sometimes the radiation gauge.

6.2 The Quantization of the Electromagnetic field

We will perform the quantization twice: one in Coulomb gauge and one in
Lorentz gauge. In both case we will have some subtleties.

The first of the subtleties is common to both the gauges and happens when
computing the momentum conjugate,

0o_ 9
04
= 8/.:_ =-FrY%=F",
0A!

so that 7° vanishes (by the way this is expected from what we discussed in the
previous section). We can then compute the Hamiltonian

H = /dSJSTFiAi - L

— — —

:/d3x%E.E+ B-B—Ay(V-E),

| —

from which we can see that Ay acts as a Lagrange multiplier which imposes
Gauss’ law

V-E=0. (6.13)
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6.2.1 Coulomb Gauge

In Coulomb gauge the equation of motion for A s

9rA=0, (6.14)
that has solution .
A= / g‘mew (6.15

with p2 = |p]2. Since in this gauge V- A = 0, we have

—

§-p=0, (6.16)

ie. gis perpendicular to the direction of motion. We can then pick E(ﬁ) to be
a linear combination of two orthonormal vectors €,., with r = 1, 2, each of them
satisfying €.(p) - p= 0 and

&(F) - E(F) = Ors - (6.17)

These two vectors correspond to the two polarization states of the photon.
To quantize then, as usual, we need to promote the fields to operators, changing
the Poisson brackets into commutators. Naively one would do

[Ai(@), A; ()] = [B(@), B (§)] = 0
but this is not consistent with V-A=V-E = 0. In fact,
[V-AZ),V-E@)]=ivV® (@ —7) #£0. (6.18)

This is something that is already known at the classical level: in order to fulfill
the constraints we need to change the second commutation relation in

4@, 5] = i3 - 52 )0z - . (6.19)

It is easy to see that with this choice the constraints are fulfilled.
We can now write the operators in the usual expansion,

Al — d3p L 2 P T 1pm aTT —ip-T
A0 = [ G T Ll |

. 3 o
E('f):/(;iﬂp;?)(—Z)\/EZ r(ﬁ)[ TP TT€72p<x].

r=1

_L

As usual the commutation relations between operators imply
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where we used the completeness relation for the polarization vectors,

o pipd
e e] oY — .
= Pelr) = P12

We then get the Hamiltonian

Mw

(6.20)

2

d*p rt g
H = / \pz ajar, (6.21)
=1

where it is clear that the physical degrees of freedom are manifest. However
we lost Lorentz invariance. This can be easily seen in the propagator of the
transverse part of the photon

(6.22)

6.2.2 Lorentz Gauge

We can try to do the same in the Lorentz Gauge, where 0,A4* = 0. The
equations of motion are then

0,0"AY =0. (6.23)
However, we will take a slightly different way. We take as Lagrangian
1 1
= —ZF,, F" — —(§,A")? .24
L= = PP = o (0,4, (6.24)

with arbitrary a. The equations of motion are unchanged and also the quanti-
zation is independent of a. We refer to the choice of a again as a gauge choice
(although formally it is not the same thing). We will use « = 1 (Feynman
gauge), but another common choice is a = 0 (Landau gauge).

The plan is to quantize the theory and only at the end to impose d,A* = 0.
We will see that the residual gauge symmetry of this theory will be tricky to
handle. First, we do the usual definitions,

= DL g
94,

wi= 05 _pia0 i,
0A;

where now they are all dynamical. We can then easily impose the usual com-
mutation relations
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and the usual expansion in terms of creation and annihilation operators,

2l 55
—» dgp |ﬁ.| . > A A _ip-T AT —ip @
mld) = [ G 7@A220eu<ﬁ>[aﬁe |

We have now four polarizations 4—vectors instead of two polarization 3—vectors
that we had in the Coulomb gauge. We choose the normalization

N =g\, (6.25)
which means
eneN i = T - (6.26)

Given the photon 4—momentum p = (|p],p), we choose €' and €? to be the
transverse:

ep=e-p=0. (6.27)
Then € is the longitudinal. For example, if p ~ (1,0,0,1), we have
1 0 0 0
0 1 0 0
0_ 1_ 2 _ 3 _
“=lolc =10l =111 =0l (6.28)
0 0 0 1

and for other 4—momenta, the polarization vectors will be the appropriate
Lorentz transformations.

Now we proceed as usual, getting the commutation relations of the creation
and annihilation operators from the fields ones:

Here we see something very odd for the timelike part,
0 -
[a%, a%] = —(27)35® (7 — ). (6.29)
The fact that we have this minus sign means that if we start with our vacuum
a}l0) =0, (6.30)
and we create a one-particle state as
Sy At
[P, A) = a3'|0), (6.31)
we get that, if we take the timelike part normalization,

(7,017, 0) = (0lajag |0) = —(2m)* ) (5 - ) , (6.32)
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it has negative norm! This makes no sense but we did not use our condition
0, A" = 0 yet. We see now that this condition will cut out the negative norm
states and cut the physical polarizations down to two. We work in Heisenberg
picture, so that d,A* is an operator equation. Then we can impose this con-
dition is several ways, here listed in order of increasingly weak way of doing
this:

o We can impose J,A* as an equation on operators. However this would
not work because the commutation relations would not be obeyed for
w0 = —0, A",

e We can impose this on the Hilbert space. We can imaging to divide the
Hilbert states in bad and good, where the bad ones decouple. Then, in
order to define the good states we can try imposing that a good state
should be such that

0, AM|T) = 0. (6.33)

Again this would not work because it is too strong. For example, say we
decompose A, = A}t (z) + A, (x) with

then Af|0) = 0 but 9#A|0) # 0. Not even the vacuum would be a good
state with this definition.

o This attempt will be the correct one. We can ask that physical state are
defined by
+ —
OMAL|V) =0, (6.34)

which ensures

(W], AF|W) =0, (6.35)

or, in other words, that 0,A* has vanishing matrix elements between
physical states. This is called Gupta-Bleuler condition.

With this last choice, have we removed these negative norm states? The answer
is not yet, but almost.

Let’s consider a basis of states for the Fock space. Any element of this basis
can be written as ¥ = |¢7)|$), where 1)1 contains only transverse photons (so
created by a;’QT). The Gupta-Bleuler condition requires

(a3 — a)|¢) =0, (6.36)
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so that physical states should contain combinations of timelike and longitudinal
photons. In general |¢) will be a linear combination of states |¢,,) containing n
pairs of timelike and longitudinal photons,

n=0

where |¢g) = |0) is simply the vacuum. It is rather easy to see that, although
the Cupta-Bleuler condition does not remove all negative norm states, all the
remaining states involving longitudinal and timelike photons have zero norm,
as

<¢m|¢n> = 5n05m0 . (638)

So this means that the inner product of the Hilbert space of the physical states
Hphys is positive semi-definite. We then have to deal with this states with zero
norm.

The idea is to treat these zero norm states as gauge equivalent of the vacuum:
two states that differ only in their timelike and longitudinal components are
said to be physically equivalent. This however means that we should show that
they give the same expectation values for all physical states. It is rather easy
to show that. We solved all the problems!

Propagators. Finally let’s compute the propagators in Lorentz gauge. They
are given by

4 —1 v —ip-(z—
OT A @A W0 = [ Gl e (630

and it is surely a lot nicer than the propagator in Coulomb gauge as it is Lorentz
invariant. Even without fixing « in the Lagrangian we still can find

dp  —i
(2m)* p? + ie

(OIT[Ap(2) Ay ()]]0) = / (n,w +(a— 1)1”;)2’”) e~ (@=Y) | (6.40)

6.3 Coupling to Matter

We can now build and interacting theory of light and matter. We can write
something like

L= —EFWF’“’ — A, (6.41)
with j# some function of the matter fields. We then have the equation of motion
O F" = jv, (6.42)

so that we require that j# should be a conserved current,

94" =0. (6.43)
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6.3.1 Coupling to Fermions

Remembering that the Dirac Lagrangian has an internal symmetry ¢ — ety
and ¢ — €'*), which gives rise to the conserved current ji; = y"1), we can
try building our theory coupled to fermions with the Lagrangian

L= _EFWF’“’ + (i —m)y — ey A (6.44)

We have seen that for the free theory, it was fundamental that the theory had
a gauge symmetry. Is it still the case? The answer is yes. In order to see this,
let’s rewrite the Lagrangian as

L= —iFWFW + D —m), (6.45)

where D, = 0,9 +ieA, ¢ is called the covariant derivative. This Lagrangian
is invariant under the gauge transformation

A, — A, +9,0 and Y — e M), (6.46)

for an arbitrary function A(z). The fact that this is a symmetry is not trivial,
for example let’s look at how the covariant derivative transforms

Dy = 0utp +ieAuy
- 6#(671-6)\1/’) + ie(Au + auA)(67i6A¢)
e*ieADMw .

Basically it only takes a phase under the gauge transformation. From this we
can easily see that the theory has indeed a gauge symmetry.

Electric charge The coupling e has the interpretation of the electric charge
of the 1 particle. We therefore have the total charge

Q=c / Brp(@n(@), (6.47)

which is, after quantization,

D 2
Q= /ZW)SZbSTbS cifes). (6.48)
s=1

In QED, we usually write the electric charge in terms of the fine structure
constant

_ e? 1

" 4mhe 137
We need to stop for a second to understand a subtlety. We said that gauge
symmetries are different from global symmetries in that they arise from a re-
dundancy of our description and , as such, they do not give conserved currents.

(6.49)
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In this case, however, we got the electric charge as a result of a gauge symme-
try. Why? The reason is that among all the gauge symmetries that one can get
changing the function A(z), there is also the one obtained with A(x) = constant
which is a real symmetry of the theory. More generally, the real symmetries
that arise from a gauge symmetry are such that A(z) — a = constant as z — 0.

6.3.2 Coupling to Scalars

For a real scalar field we have no suitable conserved current so we cannot couple
a real scalar field with a gauge field. For a complex scalar field @ we have a
symmetry @ — e “*@. We can try to use its conserved current to couple ¢ to
the gauge field,

Ling = —i((0u0") @ — 99 0) A" (6.50)
However this does not work because

e The theory is no longer gauge invariant.

o The current that we coupled to A* depends on 0,¢. This means that
the current associated to the symmetry will have a contribution like j#A,,
that is not consistent.

We can solve both the problems with the covariant derivative

Dyp =0,0 +icA @, (6.51)

which transforms D, ¢ — e‘ie)‘DN(p under a gauge transformation. So we can
easily get the Lagrangian

1
L= Fu " + D, @ Do — m?|o|?. (6.52)

This is very general: if we have a U(1) symmetry that we want to couple to
a gauge field, we can do that replacing all derivatives by suitable covariant
derivatives. This is called minimal coupling.

6.4 QED

The QED Lagrangian is
1 L
L= _iFWFM + () —m), (6.53)

where D, = 0, +1ieA,.
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6.5 Feynman Rules

Let’s now work out the Feynman rules for QED. For internal lines and vertices
we have

o Vertex: —iey*

o Photon Propagator:

m
— 6.54
p? + i€ ( )

e Fermion Propagator:
i(p+m)
_— 6.55
p? —m? + i€ (6.55)
For external lines we have

o Photons: We add a polarization vector €, /el , for incoming/outgoing
photons.

o Fermions: We add a spinor u”(p)/@" (p) for incoming/outgoing fermions.
We add 9" (p)/v"(p) for incoming/outgoing anti-fermions.
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